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BONDED AND UNBONDED PRESTRESSED CONCRETE 
BEAMS FAILING IN FLEXURE 
I. ll'mlODUCTION 
1. Introduction 
This investigation is a continuation' of a study of prestressed 
concrete beams failing in flexure which was begun in JuJ.y, 1951 (1,2)*. 
!VO separate studies have been made.. The first, described in Part A of 
this report, is an extension of the previoUs--vork and involved a s~ of 
the effect of the stress-strain properties o~ the steel on the behavior 
of bonded prestressed beams.. The second study, described in Part B, 
co~isted of a series of exploratory tests on beams with unbonded re-
inforcement. Six bonded beams and fifteen unbonded beams were tested. 
The results of the tests were studied and interpreted with the aid of the 
a.naJ.ysis developed by Billet (1, 2). For the bolilded beams, this analysis 
vas used without change; for the unbonded beams, it was modified empirically 
to account for the a.bsence of bond between steel and concrete. 
2. A~knowledgments 
The tests reported herein were made as part of the Investi~ation 
of Prestressed Concrete for Highway Bridges. The work was performed in 
the Structural Research Laboratory in the Engineering hperiment Station 
~rals in parentheses refer to the list of references a.t the end of 
,this report .. 
2. 
of the University of Illinois in cooperation with the Division of Highways, 
state of DJ.inois and the Bureau. of' Ptlblic Roads, U. S. Department of Commerce" 
!he actual work on this phase of the project was begun in June, 1953. 
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Advisory Committee: 
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Representing the University of DJ..inois: 
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ofCiviJ. ~ineering 
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General direction of the investiga.tion was given by Dr.. Newmark 
and superviSion of the program was provided by Dr. Siess. The work was 
carried. out under the :immediate supervision of J. Ii. Appleton, Research 
Associate in Civil. EDgin~ering. 
:;. 
This report was written as a thesis under the direction of Dr. Siess 
and his helpful comments are gratefUlly acknowledged. Credit for assistance 
in the development of equipment and analysis, and in conducting the tests 
and critical study of the manuscript of this report is due Mr. Appleton . 
. Appreciation is expressed to Jo E .. VUlepelet, Research Assistant in Civil 
Engineering for his aid in conducting the tests, reducing and interpreting 
the data, and preparing the figures.. Special thanks are given to Wyck 
McKenzie, Senior Laboratory Attendant in Civil Engineering, for his aid 
in conducting the tests and fabricating specimens and equipmenta 
The wire reinforcement was furnished by the American Steel and 
Wire Division of the U. S. Steel Corporation. 
:; • llotation 
The following notation has been used in this report~ 
Cross-sectional constants 
A~ = area of entire concrete section 
..., 
As = total area of reinforcement 
b = width of beam 
d = depth to center of gravity of reinforcement fram 
top of beam 
d = value of d corresponding to stage of zero load and 
o 
zero prestress 
d
ult = value of d at section of max~ moment corresponding to maximum load 
e = eccentricity of center of gravity of reinforcement 
with respect to center of gravity of concrete section 
h = total height of concrete section 
Ic = moment of inertia of concrete section about concrete 
center of gravity 
Loads 
stresses 
strains 
L = length of' beam span 
= A /bd = steel ratio s . p 
Pult = As/bdult = e:f'fective steel ratio at section of 
ma.xjmum moment at failure 
Yb = distance from bottom fiber of beam to center of gravit,y of concrete section 
c = total internal compressive force in concrete 
M = bending moment at cracking, due to Von + P c . c 
Mul.t = ultimate bending moment, due to VB + Pult 
Pc = live load at cracking 
Pul.t = ultimate live load. (corresponding to failure of 
the beam) 
T = total tensile force in reinforcement 
VB = dead load per unit length 
Concrete 
steel 
ft = compressive strength determined from 6 by 12-in. 
c 
control ~linders 
f = modu1.us of rupture determined :from 6 by 6 by 20-in. r . \ 
control beams 
f~ = ultimate strength 
f = prestress at time of testing (effective prestress) 
se 
fsu = stress corresponding to ultimate load at section 
of max:lmum moment 
Concrete 
€c = strain in the concrete 
= compressive strain at the level of the steel due to 
effective prestress 
4. 
Parameters 
€cu = strain at the level of the steel in the region of 
maximum moment at failure 
Ete = strain in the top fiber due to effective prestress 
e
u 
= ultimate compressive strain 
steel 
e I = strain at ultimate strength, corresponding to f' 
s s 
= strain due to effective prestress, corresponding 
to f 
se 
Egu = strain at section of maximum moment at failure, 
corresponding to f 
au 
k = distance from top of beam to neutral axis at ultimate 
U load, divided by the depth, d 
~ = ratio of average compressive stress to maximmm 
compressive stress in concrete stress block 
~ = distance from top fiber to line of action of 
compressive force C~ divided by k d 
u 
~ = rat.io of maximum compress ive stress in concrete 
stress block to cylinder strength, :f~ 
EsP Q = :fT ' effective steel percentage parameter 
c 
EsPult 
'\tit = fV ,value of Q corresPonding to PuJ.t 
c 
5· 
Ep 
Q' = ~~f'~ , convenient f'orm of' ef'f'ective steel. percentage 
parameter for use in analytical studies 
EsPult 
~t = ~~f~ , value of Q' corresponding to Pult 
a, f3, parameters relating the changes in steel strains to 
the changes in concrete strains at the level of the 
steel. See Section 240 Ca = f3 = 1 for bonded beams) 
6 = midspan deflection at cracking 
c 
6
ult = midspan deflection at failure 
I = curvature of beam at cracking, at section of maximum moment 
c 
.£ uJ.t = curvature of beam at failure, at section of maximum. 
moment 
Ec = modulus of elasticity of concrete 
Es = modulus of elasticity of steel 
6 . 
7· 
PART A 
TESTS OF BONDED BEAMS 
II. OBJECT AND SCOPE 
4. Object 
One of the important variables in the analysis and design of a 
pre~t~e~s~d concrete beam is the stress-strain relationship of the steel 
reinforcement. In the tests made previously, several types of' reinforcement 
were used but their stress -strain characteristics were similar. Since the 
stress-strain curve for the reinforcement is used directly in the calculation 
of the ultimate moment-carrying capacity of' prestressed bonded beams, it 
has been assumed that the theory as verified by the previous tests (2) would 
be valid for ~ type of stress-strain relationship- However, since the 
theory involves certain empirical factors which have been evaluated only 
for tests with steels of similar properties, it was considered necessary, 
or at least desirable, to make additional tests on beams reinforced with 
steels having stress-strain characteristics differing as much as possible 
from those of the previous testso 
The tests were not exhaustive but rather of' a ttchecking" natureo 
It seemed unnecessary to test beams covering the entire range of the 
parameter Q f'or every type of stress-strain relation. Equations and parameters 
had already been developed using certain types of' steels- It was felt that 
the theory could be adequately verified if it were possible to use these 
equations and parameters to compute , within the limits of experimental 
scatter" the ultimate moment-carrying capacity of beams reinforced with steels 
having considerably different stress-strain propertieso 
8. 
5. Scope 
(a) Variables 0 The major variable was the type of steel . 
. Concrete strength, effective depth of steel, and area of steel were also 
varied, but in a.nalyzing the resuJ. ts, the effects of these variables can 
be grouped into the effect of the single parameter QI = EsAs/bd'~f~. A 
slight variation in prestress was dictated by the properties of some of 
the steels, but the effect of this was easily taken into account in the 
analYsis 0 In order to prevent shear failures, external clamp-on stirrups 
were used on five of the six beams. 
(b) Modes of Flexural Failure. D. F. Billet (2) has described 
three modes of flexural failure of a prestressed bonded beam: 
1.. Failure by crushing of the concrete while the steel is 
still in the elastic rangeo 
20 Failure by crushing of the concrete after the steel has 
undergone large inelastic deformations. 
:; .. Failure by fracture of the steel before crushing of the 
concrete occurs. 
In the previous test series only the first two modes of failure were obtained. 
However, in this series it was possible to obtain the third mode by using a 
steel with a low elongation at fracture. This property was imparted to the 
steel·by stretching it into its inelastic range before it was placed in 
the beam .. 
There were no failures in shear, in bond, or by failure o.f the 
anchorage of the reinforcement. 
(c) Outline of Tests. The six rectangular beams tested were of 
post-tensioned, end-anchored, bonded construction with the loads applied at 
each third point on a span of 9 feet, thus subjecting the middle third to 
9· 
pure f~exure. The beams were all of the same nominal cross-section and 
length. The tensile reinforcement was high strength steel wire, the properties 
of which are d~scussed in Section 6. Adequate provisions against shear 
failures were made in all the beams. None of the beams had. compression 
reinforcement. 
Three sets of two beams each were tested. The beams in each set 
had the same type of reinforcement and level of prestress but varied in 
concrete strength and steel percentage. Table 1 gives the properties of 
the beams in Part Ao The beams are nUlIl;bered in order of testing as a 
continuation of the numbering s,ystem used in the Second Progress Report (2)0 
J.O .. 
fI:[. DESCRIPTIOI' OF TEST SPECnIEtfS AiD PROOEDURES 
6.. Specimens .. 
The cement, aggregate, method of proportioning concrete mixes, 
method of determining concrete properties except modulus of elasticity, 
determination of water in aggrega.tes, and method of mixing grout used in 
Part A ot this investiga.tion were the same a.s reported in Section 6 of 
~i1letts thesis (2).. !he concrete modulus of elasticity ~ determined 
trOll the empirical relAtion used by Billet (2, Fig .. 9"2).. The proportions 
aDd properties of the concrete batches for each mix used in the beams 
are given in 'fable 2.. The proportiOns and properties, of the grout 
I¢xes are given in Table 3 .. 
Sinee it was the purpose in Part A to s~ the effect of different 
tnes of reinforcement it is here that the onl:1 maJor dQart1:a:re trca. 
,:Billet's work was made. !he wire desipated u Tne IV was manufactured 
br the American Steel and Wire Division of the U. s. Steel Corparat1oD .. 
&D4 i8 know as lI&rd. Drawn lIB SprinS Wire. A heat ~Iia 1u;ppl184 by the 
, ...atac~er indicated o.6~ carbon, O.~ m'Dganele, O.Ol~ ihoQhonll, 
O.Q2~ sulphur .. O.2~ aU1coD. !he Itre.us .... strain :propert1el of !T,pe IV 
'Wire are shown 1n ]'11. l. !he averase d:Luletv wu 0.l92 m. !l111 v1rl 
wu, ach1ne-stra1ghtened at the mill &Dd rece:1ved in 15-tt lcmsth1. It 
vaa,used in Beams J-28 aDd 1-29. 
!'he wire del1pated u !yJe V was the 1_ &1 the ~I I wire 
U_ bJ :BUlat (2») except that it was not Itrel!lhl-re11iTe4 &J;~ar 
rir.1IhtelWls. !his acCO\U1tl tor itl gradual departure trom 11neca 
It:Nall .... ltr.1n behavior u shown in rise 1. !hil w1%'e W&IJ allo _chiDe .... 
Iv.:1Ihtene4 at tu m1ll and wu received in 15-ft leDgthll. It wu ued 
tale ... 1-30 &Ddl .. ,l. 
li. 
The wires designated as Types Va. and. ·Vb v."e,<'Type V wire that 'Was 
pre-stretched at Talbot Laboratory. The purpose o~ the pre-stretching was 
to obtain a wire with little total elongation so that it would fracture 
during the test of, a beam be~ore the concrete crushed. Type Va was used 
in :Beam B-32 and Type Vb in Beam B-33· 
The vires were stretched one at a time in the frame used for 
pretensioning wires in the investigation. of prestressed beams failing in 
shear (3). A gage length of 36 in 0 was marked off near the middle of the 
wire, and elongations were measured continuously during stretching with 
a steel rule having O.Ol-in. divisions. In an attempt to remove nearly 
all inelastic behavior, 4 out of 16 wires were broken during pre-stretching 
of tl;le wires destined for Beam B-32o Measurements of elongation were 
made 1) at maximum elongation, 2) after the release of the stretching 
load, and 3) immediately before the steel was placed in the beams. Table 
4 gives the strains present at these' stages. The effect of the stretching 
, operation on the diameter of the wire was slight, but ~s taken into 
consideration in calculations where steel areas were involved. The diameter 
was reduced to 0.1905 ino It appears in Fig. 1 that the Types Va and Vb 
wire are stronger than Type V wire 0 This is not a strain-hardening effect, 
but results from the fact that the original diameter of 0 0 ~92 in. was 
used in calculating the stress-strain curve for Typ~ V wire, whereas 001905 
:in. was used for Types Va and Vb 0 The wire spec imens carried the same 
load at fracture. 
All wire used in Part A was placed in a moist room for three to 
four weeks to rust the surface and thereby improve the bond characteristics. 
!he properties of the steels used in Part A of this investigation are shown 
in Table 5. The actual value of Es was used in all calculations. The steel 
sPecimens were tested in the same machine using the same instruments and 
procedures . as Bil.let .. 
All beams were similar msize and configuration to the beams 
tested by Bill.et. They were cast and cured in exactly the same manner . 
. . !he .. me'asured widths and heights are given in Table J. together with the 
other properties of each beam.. Clamp-on stirrups were not used on B-33 
because the theory indicated that a shear failure could not occur (3). 
This was true als~ for B-32 but the fact was not realized until after the 
beam. had been tested. The beams were J.oaded through the same loading 
blocks placed in the ssme position with respect to the beam supports as 
before. The age of each beam at the time of test is given in Table 2. 
All beams were prestressed and grouted two days before they were tested. 
7.. Procedures 
The prestressing equipment, aluminum dynamometers, and end 
anchorages wer~ the same as those used by Billet for Beams E-6 through 
:8 .... 27 • The tensioning and. grouting procedures were aJ.so the same. 
It is necessar,y that strains and deflections of a beam under 
load be measured to give a quantitative picture of its behavior. The 
sa-4 electric strain gages used on the reinforcement were TYPe A-7 gages 
as used by Billet.. They were applied in the same manner and at the same 
loo~tions . as in the previous tests. Only Petro1.astic was used as a 
water .... proofing compound since it was found to be superior to the Cyclewelc[' 
0· ... 1.4 Cement used by Blllet in some beams. 
Type A-9 SR-4 electric strain gages, appl.ied in the same manner 
and at the same J.ocations as before, were used to measure concrete strains 
on the top surface of the beam. 
The distribution of strains in the concrete over the depth of the 
beam was measured in the same fashion and with the same instruments, and 
the gage lines were placed in the same positions with respect to the top 
of the beam and the location of the steel as in the previous tests. 
The measurement of deflection was essentially the same as before 
except in one respect.. Instead. of measuring deflections with reference· to 
the bed of the testing machine as was done by Billet, the deflection gages 
were mounted on a frame which in turn was sUl?Ported by the same abutments 
that supported the beamo This eliminated the necessity of correcting for 
relative vertical movements of the abutments due to hinges in the arms of 
the testing machine as was done before. This arrangement can be seen in 
Fig. 3· 
The testing machine and elastic-ring ~ometer used in this 
series of tests were those used by Billet for Beams B-9 through B .. 27. The 
beam was positioned and prepared for testing, and the load. was applied 
and measured in the same way. The procedure for testing the beams was 
sjmllar to that used by Billet except for one minor variation. Since 
Billet had established that strain distributions were linear across the 
depth of the beam, no measurements of concrete strains on the sides of 
14 . 
. IV .. STUDY OF JXPORTANCE OF STEEL PROPERTIES 
8. study of Importance of Steel Properties 
'In Section 4 it was stated that the stress-strain relation of 
there:i.nforcement is used directly in the calculation of the ultimate moment-
earrying capacity of' prestressed beamso This dependence is best illustrated 
1>7 the fact that a curve, based on the stress-strain relation of the steel, 
can be drawn from which the ultimate moment-carrying capacity can be 
co.m;pnted. The method. of obtaining this curve will be explained. All of 
the theory involved and all values of parameters are those developed by 
BilJ.et.. The known factors are: 
1. A particular type of' steel (stress-strain diagram) .. 
;. 
4. 
5· 
Level of prestress, f . 
se 
Value of limiting concrete strain in compression, € = 0.00;4. 
u 
Value of ~ = 0.42. 
Relation between € and Q I (€ = € Q' x 10-;). 
ce ce se 
It is not necessary to know the concrete strength, the percentage 
ot steel, or the dimensions of a:ny particular beam. in order to obtain the 
cur:ve.. The steps in the construction of the curve are as follows: 
'1. Calculate ese' (Ese - fse/Es) 
2. Choose a point on the stress-strain diagram of the steel . 
. ~e coordinates of this point are f and € • (For a first choice it is· 
su . su 
. preferable to take a point in the nknee" of the stress-strain diagram). 
;. 
4. 
Estimate € ,(usually € /100 < € < € /10) 
ce se € ce se 
Calculate ~, (ku = ... € U + E _ E ) 
Esu se u ce 
15· 
5· Calculate Q', (QI = k E If ) 
. . u s su 
6.. Check estimated value of Ece with Ece = Ese Q' x 10-3.. If the 
difference between the estimated value of E (step 3) and the value fram 
. .. ce 
_ step 6 is greater than 0.00001, then the value from step 6 should be. used 
for a new calculation of k (Step 4) and Q' (Step 5). The process should 
. . u 
be .repeated until successive values of Ece check within 0.00001. The 
pl"~eess converges very rapidly.. When interna.lJ.y corresponding values of 
e k and Q t have been obt~ined one is ready to continue .. 
'Wee' u J 
Calculate k (1-k2k) .. u . u 
From :Billet's thesis (2) 
1\ut/k:t~ f~bd2 = ku (l-~ku) 
8. Plot a point withMult/kJ.~ f~bd2 as ordinate and Q' (Step 5) 
as abscissa. (UsuaJ..1y 0 < Mult/~~ f"~bd2 < 0.6 and 0 < Q' < J.OO for bonded 
be_.) 
9. Repeat steps 2 through 8 taking other points on the stress-
stl:ain diagram of the steel. (Lower values of" E . and f" u' will give higher au s 
corresponding values of" Q t and ~ (1-k2ku ) 0 ) 
An example of this computation for MB Spring Wire is given in 
!rable 7. The resulting curve is shown in Fig. 2 along with similar curves 
for the other types of" steel used in Part A. 
The curve can now be used to predict the ultimate moment-carrying 
c.apacity of prestressed bonded beams provided they are prestressed at 
approximately the same level as that assamed for computation of" the curve . 
. (See Billet f"or the ef"fect on Mult of variation of parameters.) Enter the 
graph with the value of Q t (= Esp/~ kjf ~) ~or the beam in question. Leave 
the graph with the corresponding value of Mru. t/k:t ~f ~bd2 . Solve for lv\ut 
. . '~1ng values of b, d, and kJ.~f~ for the particuJ.ar beam. 
" DOW the value of k:Lk;:f'~ for the beam in question. 
l.6 . 
Evidently one must 
OnlY with a curve based primarily on the stress-strain characteristics 
of tlle steel. is it possible to perform the above qpel."atd.ol'lo Therefore, the 
. type of steel. used for reinforcement was cons idered to be an important variable .. 
It was at once apparent; however, that if such a curve could be drawn for 
, ' a:rry steel and if it could be used for computing uJ.t:lmate moments that agree 
nth experimental values, then the type of steel. would be a variable easily 
handleQ. within the theory. 
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. v. TEST rmroLTS AND COMPARISON WITH EXISTING THEORY 
9. Measured and Derived Quantities 
The types of measurements of strain and deflection were selected 
with the object of confirming, for beams containing several types of steel, 
the assumptions and values of pargmeters used by Billet. 
The maximum. load. attained during each increment of load. or 
deformation, and the midspan def'lection corresponding to this load, were 
observed simultaneously. The midspan def'lection was easily observed at 
critical stages of the test and was a convenient quantity for use in 
deter.mining other measured quantities at some particular stage of the 
test by interpolation or extrapolation. For example, the measurement of 
~he str~in distribution in the concrete over the depth of the begm required 
f;rS 5 to 15 milmtes and could not be observed simul taneously with the 
. ,maximum load. By taking such strain measurements during several increments 
bmiediately preceding ultimate load, the measured strains could be 
.. extrapolated 'With the aid of the observed deflections to obtain the strain 
d.1st~i'bution at ultimate load. These measured strains were corrected for 
.t~ compressive strains due to prestressing; hence, the strain distribution 
.pve the depth to the neutral axis, k d, at maximum load-carrying capacity. 
... u 
-,nis· -depth was required in order to evaluate the maximum steel stress, f , 
su 
.and the parameter kJ. ~ from the measured moment. 
For each increment of load or deformation, strains were measured 
-~ the steel wires and on the top surface of the beam with SR-4 electric 
.•. ."/;s:train gages. The steel strains were converted to equivalent steel 
~·~i~;~:8.tresses and were compared with computed stresses as a general check on 
il"""; 
.. .' ~'~~> . 
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, ~ k;' k2 , and the method of computing maximum steel stress. The average 
concrete strains on the top surface over a distance of 24 inches were 
measured to check the assumption that the max:i.mum flexural capac i ty is 
reached when the concrete crushes at a compressive strain having a definite 
value, € , found in the prertous tests to be approximately 0.00;4 .. 
u 
In addition to deflections at midspan, deflections of the beams 
at or near the load points were measured. 
At each increment of load, a carefUl inspection of the beam was 
:made to locate any cracks or signs of crushing of the concrete. The crack 
pattern was marked and axry significant change in the 'behavior of the beam 
recorded. Several photographs were taken of each beam to record the 
crack pattern before failure as well as the nature and extent of the 
failure.. Before applying the next increment, the load and corresponding 
lIIidspan deflection were again noted. There was some decrease in load 
,,~ing the time required for measurements. at practically all stages of 
loading .. 
The following quantities were derived from the measurements 
;~e: the maximllm. moment attained during an increment of ,loading or 
?"',i,e:formation; the curvature in the region of pure .flexure, from the 
concrete and steel strains; the strain distributions over the 
',49th of the beam; the parameter kJ.~ from the ultimate load and. 
~~ing strain distribution; the limiting concrete strain, from 
strain distribution at ultimate load; the steel stress at ultimate 
, from measured strains and the stress-strain curves for the 
ement; and the depth to the neutral axis. 
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10.. Modes of Failure of Test Beams 
Since the object of' this study was to investigate the effects of 
steel properties, all beams were designed to fail with steel stresses 
be,1ond the yield strength where the greatest differences in properties are 
. present. In. Fig. 1, the circ-les on the stress-strain cUrves indicate 
the stress in the steel at failure.. Failure is defined as the stage 
in the-test at which the co~ressive strain at the top of the begm reached 
0.0034. Corresponding circles are marked in Fig. 2. Beam B-3; cannot 
be analyzed with the above definition of failure because the steel fractur-
ed when the compressive strain in the concrete reached 0.0030. This 
mode of failure was deliberately produced.. In genera.l, the beams behaved 
in the manner described by Billet in Section 28a of his thesis (2), 
except for B-33 which failed violently when" -the reinforcement fractured .. 
lig. 4- is a photograph of B-29 (Type IV steel) at incipient crushing 
-aJld shows the numerous cracks associated with a high va.lue of Q'.. Fig. 5 
is a photograph of B-30 (Type V steel) between cracking and failure ana 
illustrates the typical crack pattern associated with a low value of Qt. 
Pigs. 6a. and 6b are views of B-33 at incipient crushing and after fRailure-, 
1 
-respectively. Fig. 6c is a" view of the section of failure of" B-33. 
Bote how the wires slipped back into the grout after breaking. Figs;. 7-
"through 9 are load-deflection curves for the six beams tested. The effect 
" ofQ t on the ductility and energy-absorbing capacity is in agreement "'With 
-Billet's findings (2). 
There was nothing in the behavior of the test beams to indic:ate--
~ departure fram the behavior expected for the values. of Q' and the 
:.'''"stress-strain character:-istics- of the steels used. 
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ll.. Comparison of' Test Results with .lU?a.1.ysis 
Same of the important quantities derived from the tests are 
tabulated in Table 8, together with the values computed by use of the 
. equations developed by Bi1l.et. Col.umn 1 contains values of ~ ~ computed 
f~om measured values of' Kult and values of' kud determined from concrete 
strain dist:fibutions. This method of calcuJ.atiDg k:J..~ is the same as 
that used by Billet.. Column 2 contains values computed f'rom the 
·empirical equation used by Bi1l.et t·o express the relation between k:J..~ and 
tV. In general, the agreement is good except for B-33. Since the steel. 
e 
fractured in B-33, the concrete was not allowed to develop its full. 
eom;pressive capacity; consequently, the value of kud, the depth to the 
neutral axis, is not that f'or a f'Ully devel.oped stress block, and one 
of the assumptions of the theory is not fulfilled. 
Column 3 contains values of' Q' calculated from Billet's equation 
.: for k:t ~ and actual vaJ.ues of' Es" Col.umn 4 contains measured values of the 
eom.pressive strain in the concrete at the top of the beam at f'ailure.. There 
is no value for B-28 because the gages were f'auJ. ty 0 
Column 5 contains values of' the stress in the steel at ultimate 
.load computed from measured values of MuJ.t and values of kud derived 
:trom. strain distributions in the concrete. This can be considered to be 
. the -measured ft value. The value 'for B-33 is greater than the strength 
'!' .of the steel because the value of k d, as explained above, is incorrect. 
u 
.C91umn 6 contains values of:f' computed, according to the theory, f'rom 
su 
~~f~ EU 
fsu = P ~-------------------T ( € - € + E - € ) 
su se u ce 
(1) 
the actual stress-strain diagram of the steel. Values used in these 
~OIEPtJ~ta:' tiona are as follows: k:t~ from Col.umn 2, Eu = 0.0034, E corres-se 
1;f' 
2J.. 
PoDding to nominal prestress, e = e Q 1 X lO -3, where Q r is from Column ce se 
:;. The preceding relation between f and e and the stress-strain diagram su su . 
of the steel have to be used to solve for the values of f and € 
su su 
s:iJmlltaneously. For Beam B-33 no point on the stress-strain diagram could 
be found to satisty the relation in the above equation. When € = e I was 
su S 
used in the equation the value of f obtained was greater than f r,~ when 
, ~ s 
f = f f was used and the equation solved for e the value obtained was 
~ s ~ 
greater than €~.. In other words., the theory indicated that the steel would 
;fracture 0 
Table 9 gives a comparison between computed and measured moments 
at ultima.te load and. at cracking. Except for B-33 the ultimate moments 
o 
, were computed by drawing curves of Mult/~~ f~bd2 vs. QI as explained in 
" Section 8.. A curve was drawn for each type of steel using the nominal 
prest;ress applied to the beam (See Fig. 2). The curves were used with 
values of kJ. ~ and Q f from Table 8, Columns 2 and 3, respectively 0 For 
':8:"33 a value of k = f p/lL Lf" with f = fl was used from which 
" u ~~5c ~ s 
:lul.tik:L ~:f~bd2 = ku (1-k2ku ) was computed" The cracking moments were 
e~ted by using an elastic analysis for stresses in the beams due to 
,~ad load, actual prestress, and live load,; the beams were assumed to 
,'crack wen the computed stress at the bottom fiber equalled the modulus 
.. Qt rupture (Table 2). 
Table 10 lists the values of computed and measured deflection at 
,'. timate load and at first cracking" The formulas used for computing the 
are those given by Billet in Section 24 and 25 of his thesis (2). 
deflection at cracking 
(2) 
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where L is the simple span length, Ec is the modulus of elasticity of the' 
concrete~ Ie is the moment of inertia of the concrete section, and Mc is 
· the computed cra.cking moment. For deflection at ultimate 
· where MaLt is the cOYJ:q?uted ult:lma.te moment, Me is the computed cracking 
moment,§c is the curvature at cracking equal to Mc/EcIc,and~t is the 
· curva.ture at ultimate. The reader is referred to Sections 24 and 25 of 
Billet's thesis (2) for a discussion of the computation and accuracy of 
2;. 
VI" SUMMARY AND CONCLUSIONS - PART A 
In the testing program on bonded prestressed concrete beams 
carried out by Billet, four important variables were investigated: the 
concrete strength, the percentage of steel, the type of steel (properties), 
atti .. the level of prestress. Because the properties of the reinforcement 
~ve an :l:mportant effect on the behavior of prestressed beams , it was 
,~ considered desirable that this variable be investigated further. C,' The 
~, 
.;, 
,additional study, discussed herein, consisted of verifying the theory, ~ 
,,' 
r 
. developed by Billet from tests of beams containing steels of' similar 
'I,pr,operties, by testing six beams similar to Billet I s but reinforced with 
~~;.~~P-'i72~·8...L different types of steel. Moments and deflections at ultimate 
t;JU~, .... ~ ...... and cracking were computed by Billet I s theory and compared with 
values. In general, the agreement was very good and confirmed 
belief that variations in steel properties w~d not affect the 
nor the values of the parameters €u" ~~, and ~. 
24. 
PART B 
TESTS OF tmBONDED BEAMS 
VII,. OBJECT AND SCOPE 
Object 
up to this point all the beams tested in the investigation of 
If;I!I.'·· .......... of:.e!T~.,..pssed beams failing in f'J.e.xure have had :full.y bonded reinforcement. 
of prestressed beams with unbonded reinforcement serve two purposes: 
a study of the behavior of a widely used type of construction, 
a limit for the case of prestressed construction with im-
..... _t"A".T. bond.. Prestressed construction with unbonded reinforcement is 
__ ~+~i_~Ie! used because of the apparent economy of eliminating the grouting 
in the post-tensioning processo Moreover, same types of prestressed 
"'-"!!I+"""I'lI,..T!on, such as box-girders, preclude the use of bond altogether • 
......... ..-f",,!10,..-t- bonding or the entire lack of bond ~ result from poor workman-
or faulty materials in construction with supposedly bonded reinforcement. 
It is for these reasons that it was felt necessary to investigate 
behavior of unhanded prestressed beams. The object of the study presented 
B of this report was threefold: to study the behavior of unbonded 
, to develop a theory which 'Would predict this behavior, and to compare 
of be~ similar in every respect except for the presence or 
(a) Modes of' Flexural Failure.. .AlJ. the unbonded beams tested 
by crushing of the concrete while the steel was either in the elastic 
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range or only sl~t1y into the inelastic range. This behavior is 
characteristic of unbonded beams and will be explained in Section 29. 
An unbonded prestressed concrete beam may also rail by failure 
of the anchorage of the reinforcement. This is an important possibility 
with unbonded beams since all changes in stress in the reinforcement 
are delivered in :tull measure to the anchorages. Only one beam, U-12, 
had an anchorage failure, but this occurred after the concrete bad 
Since the load corresponding to crushing of the concrete is 
: considered the failure load, the anchorage failure did not affect the 
·.:moment-carrying capacity of the beam. Although no provision was made 
shear failures, none occurred. 
(b) Variables. The major variables considered in these tests' 
the percentage of steel, the concrete strength, and the type of 
The presence or absence of bond was considered theoretically 
cOD,tparing the results of the unbonded tests with the theory for bonded 
Two series of beams were tested, each covering a wide range of 
The first series consisted of seven beams loaded at the third-
The second series included eight beams loaded at midspan. All 
~e theory for bonded beams as presented by Billet (2) is not 
1I!!I!-Io ..... "'C:a.u.a.1I; to unbonded beams. However, in the First Progress Report (1) 
indicated that by adding certain new parameters and changing the 
of others the theory for bonded beams could be modified and used 
the behavior of unbonded beams 0 Rather than develop a new 
it was considered desirable to use the theory for b,onded beams 
.modified parameters because this would greatly facilitate the 
on betwe~n the behavior of beams with bonded and unbonded re-
26. 
The beams are mmibered in chronological order of testiDg~ The 
prefix ~ signifies "unbonded. n 
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VIII. DESCRn"'iIOli OF MATERIALS, FABRICATION, AND TEST SPECIMENS 
14. Materials 
(.a.) Cement. Marquette and Lehigh brands Type I Portland Cement 
were used in a1J.. the beams.. The cement 'Was purchased in paper bags from 
a local dealer and stored under proper conditions. 
(b) Aggregate. Wabash River sand and. gravel were used f'or 
. &U beams.. The coarse aggregate had. a maximum size of about 1 in 0 and 
t 
. contained a rather high percentage of fines.. The sand had an average 
:fineness modulus of about 3.2.. Both aggregates have been used in this 
k\lt:.,'..iI.aoL'V.J.,·g,,,,ory for :ma.ny previous investigations and. have passed the ~sual 
c ificat ion, testso The absorption of both fine and coarse aggregates 
about one percent by weight of the surface dry aggregate. The aggregate 
(c) Concrete Mix.. Data for the design of the mixes used in 
obtained from a series of trial batches made prior to 
original flexural investigation (1). These first trial mixes were 
on experience and the results of' former investigations conducted 
laboratory with the same types of aggregates. When making the 
batches, enough water was added to produce the desired slump .. 
'The proportions of' the concrete batches for each mix used in 
are given in Table li. All proportions are in terms of oven-
The gmount of moisture in the aggregates was determined, 
correction for free moisture in the aggregates was made, considering 
as absorbed. These proportions gave mixes that were easily 
aid of' a vibrator 0 The slumps for all batches of concrete 
listed in Table ll. 
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The following properties of each batch are given in Table 11: 
compressive strength, mod:w.us of rupture, and modu1.us of elasticity. The 
cODl.Pressive strength, f~, given for each batch of each bea:m, is the average 
of'.four 6 by 12 .. in. control cylinders for Batch 1 and the average of six 
. to eight cylinders for Batch 27 tested during or immediately after the 
. beam test.. The age of all beams at the time of testing is recorded in the 
table. The location of the batches in the beams is discussed in Section 
~5 .. 'rhe vaJ.ues reported for the modulus of rupture are the average of 
two 6 by 6 by 20-in.. control beams j tested with third-point loading on 
an 18~ino span. The modulus of elasticity for each mix was determined 
,',,'.''''''''DI'''l'ftlI the empirical relationship used by Billet (2, Fig. 92) 0 The concrete 
:llIi:[es used in both series of beams were designed to give a wide range 
strengths 0 
(d) Reinforcing Wire. The wire used was a co1d-drawn high 
"'\ 
on wire given a special heat treatment known as ~patentingcn The 
ect of patenting is to obtain a grain structure which combines high 
fie strength with high ductility and. thus imparts to the :wire the 
to withstand hard draftingo The wire used in this investigation 
designated as Type VI. It was manufactured by the American Steel 
"Wire Division of the United States Steel Corporation and is designated 
them "Hard Drawn Stress Relieved Super-Tens Wire .. lt The following 
were involved in its manufacture: hot rolling, lead. patenting, 
draWing to 00192 in. diameter, and stress relieving 5to 15 seconds 
A heat analysis supplied by the manufacturer indicated 
0.7310 manganese, 0001010 phosphorus, 0.034~ sulphur, 0.,20c{0 
The stress-strain properties of this wire are shown in Figo 100 
:vire was received in lOO-lb.. rolls.. The diameter varied from 0.1925 
the beginning of the roll to 0.1910 inc at the end. The actual 
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:" file small rubber tubes were placed between and outside the rods in such a 
manner that the desired shape of core was formed 0 A strip of sheet rubber, 
about 4 in. wide, was then wrapped continuously around the tubes and angles. 
After the concrete had hardened, this form was removed from the beam by 
first pulling out the rubber tubes, then removing the rods, angles, and 
rubber wrappingo The hole was centered between 8 and 9 ino below the top 
large enough to provide space for 15 wires 
',on ll/16-in .. centers 0 
The entire core unit was placed in metal formso Steel end 
which slipped over the core unit and helped support it, formed the 
Two pieces of pipe acting as spacers for the side 
were located about 3 ft 0 from each end of the beam.. Two steel hooks 
attached to these pipes to facilitate handling of the beamso 
All concrete was mixed from three to six minutes in a non-tilting 
type mixer of 6-cu ft 0 capacity 0 The mixing water was added after 
dry materials had mixed a short time. In spite of the use of a butter 
" to cond1~ion the mixer pri9r to mixing the first batch, the strength 
~o separate batches of the same proportions varied to some extent .. 
In order that all concrete in the section of the beam where 
was expected would be from the same batch, the first batch of each 
was placed in the outer quarters of the beam and the second in the 
half.. Four 6 by l2-in. control cylinders were cast from the first 
and eight cylinders and two 6 by 6 by 20-100 control beams were 
from the second batch. The concrete was placed in the forms and. 
~~e:r molds with the aid of a high frequency internal vibrator .. 
Several hours after casting, the top surface of the beam was 
smooth, and all cylinders were capped with neat cement pasteo 
!he beams were removed from the forms after they were cast, and the beams 
and control specimens were stored under moist conditions for an additional 
siX days.. They were then stored in the air of the laboratory until tested. 
All cylinders and control beams were tested during or immediately after the 
beam test. 
1.6. Description of Beams 
All 15 beams tested were rectangular, post-tensioned, and 
unbondedo The beams consisted of a rectangular concrete section and high 
. strength cold-drawn steel wire reinforcement which was extended in straight 
l.:ines between bearing blocks at each endo The beams were reinforced 
longitudinally in tension only. 
The beams were nominally 6 by 12 in. in cross-section and 10 ft 
Although the beams were cast in metal forms the dimensions of 
beams varied slightlyo The measured 'Widths and heights together with 
properties of the beams are given in Table 120 In Table 13 some of 
of the net cross-section are giveno The beam dimensions 
chosen to coincide with those used for the bonded tests thereby 
,.-._. ___ tating comparison 0 
For the first series of beams the load was applied through 
I;;UI:I"'''"'I''''·~ blocks at each third-point.. These blocks were 6 ino wide, 8 ino 
in the direction of the beam span, and 2 ino thick. For the second 
s of beams the load was applied at midspan through one bearing block 
.. long, 2 in. wide in the direction of the beam span, and 2 in .. thick, 
on two pads of leather each 2 3/4 in 0 long, 2 in 0 wide in the 
iOll of the beam span, and 1/2 ino thick, placed so as to provide a 
. 2 by 1/2 by 1/2 ino above the longitudinal centerline at mids:pan .. 
\ I . 
~ .. 
The age of each beam at the time of test is given in Table 11. 
All beams were prestressed one day before the test with the exception of 
U-2 and U-3 which were prestressed the day of testing. 
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IX.. PRESTRESSING EQUJ:PMENT AND PROCEDURE 
17 .. Anchorage Details of Wires 
Two types of anchorage hardware for the reinforcement were used 
on the beams in this study 0 For beams with seven wires or more, threaded 
anchorages were used. For beams with six wires or less, wedge grips were 
used. The wedge grips were easier to use than the threaded anchorages and 
could carr,y the higher anchorage stresses associated with small steel 
percentages. However, the wedge grips were larger than the threaded 
space limitations prevented their use on bea:ms reinforced 
six wires. Fortunately, the steel stresses were within 
capacity of the threaded anchorages in the beams reinforced with 
wires or more. It might be well to note that this problem did 
arise in connection with the tests made of bonded beams because the 
loads the anchorages had to sustain were those associated with 
~~~e~~~~ssing, since all subsequent changes in steel stress were transferred 
concrete by bond. 
The wires to be used with a threaded anchorage were threaded 24 
to the inch for three inches on each end in an automatic threading 
..... ""~" ... with speciaJ.ly heat-treated chasers. In spite of heat treatment, 
dull afte:r threading seven to ten wires and required 
The threads on the wires were cut to provide a medium fit 
This resulted in a thread which was 
larger than a No. 10 which has a basic major diameter of 00190 in. 
nominal diameter of Type VI wire is 0 <> 192 in. 
The nuts ·were speciaJ.ly made in the laboratory machine shop. 
were sub-drilled with a Noo 16 tap drill and tapped with a standard 
:No. 12, 24 threads to the inch tap" This provided a full No. 12 thread in 
A No.. 10 thread in the nuts would have required the removal of 
" too much materiaJ. .from the wires to be practicaJ.. The thread cut on the 
wires tc? .fit the No. 12 thread in the nuts was suf.ficient to develop at 
"least 190 ksi in the wires .for several days and was considered to be the 
suitable. 
The nuts were made from 1/2-in. diameter "Bustern alloy punch 
'and chisel steel having the following composition limits~ Carbon 0.56-0.60;', 
w.,l"..& ....... ", .. 0.60-008~, Chromium lo10-1.3~, Tungsten 2,,00-2.30%, Vanadium 
These nuts were 5/8-ino J.ong and hex~onal in cross section. 
were hardened by the following procedure: (J.) Pack in charcoal in 
(2) Heat for 20 min at J.200 dego F. (3) Heat .for 
-60 min at 1650 dego F. (4) Oil quench to slightly above room temperature. 
Temper 30 min at 1000 deg. F 0 ( 6 ) Remove from furnace and air cool. 
process so that there was no delay between 
ecutive operations. 
The wedge grips at the end of the beam where the prestressing 
carried out consisted of a three~jaw chu~k housed in an 
tapered, externally threaded, grip housing, outside of which 
fitted an internally threaded sleeve (Figs. lla and 12)" The sleeve 
run up against the bearing block to hold the stress after tension 
The sleeve and grip housing were fabricated in the laboratorY 
shop from mild steelo The chuck jaws were taken from a commercial 
vise'" fitting, made by the Reliable Electric Co. of Chicago.. The 
are made of case-hardened, zinc-plated steel. 
The wedge grips at the dynamometer end of the beam consisted of 
Strandvise grip fitted into an internally tapered sleeve. The 
the sleeve was to distribute the load to the dynamometers more 
18. Testing Apparatus 
A 30-ton Simplex center-hole hydraulic ram operated by a lO,OOO-psi 
ca.pacity Simplex: pump was used to tension the reinforcement. Fig. 13 is a 
photograph of the apparatus in place during the prestressing of' a beam. A 
jacking frame bolted to the bearing plate provided a reaction for the jack; 
the bearing plate reacted against the beam. To tension the wires, the ram 
reacted against a frame and a 5/8-in. rod. The thrust was transferred from 
the ram to the rod through a washer and nut, and, in the case of the threaded 
anchorages, from the rod to the wire through a threaded union connectiono 
-when the wire was tensioned to the desired stress, a nut was turned up against 
a shim. The shims were 5/8-ino long and were used to fill space betvreen 
the nut and the bearing plate and thereby reduced the required length of 
h. ~;,: tbread on the wires. In the case of the wedge grip anchorages the thrust 
~}, ' 
was transferred from the rod to the wire through a threaded union connecting 
the rod to the grip housing. The housing acted against the chuck jaws forcing 
them against the wire. When the wire was tensioned to the desired stress 
the sleeve was turned up against the bearing plate. 
The end bearing blocks used in all beams were 6 by 6 by 2 in., in· 
size and were heavy enough so that a fairly uniform bearing pressure was 
produced on the ends of the beam. The heavy blocks eliminated the need for 
special reinforcement near the ends of the beam and proved satisfactory in 
this respect. The end bearing block can be seen in place in Figs. II and 13. 
19· Measurement of Tensioning Force 
Aluminum dynamometers were used to measure the tensioning force9 
f~ 
r> They were placed on the end of the wire opposite that at which the tension 
~: 
~:.' ~ ~. 
~. 
was applied. This means of measuring the tensioning force was chosen because 
a fairly precise measurement of stress in the wires could be obtained .. 
Furthermore, the dynamometers could easily be placed on the end of the wires 
and could be re-used. These dynamometers can be seen in Fig. lib. They 
are 2-in. lengths of 9/l6-in. aluminum alloy rod, with O.2-in. diameter holes 
drilled through their centerso 
The tensioning force was determined by measuring the compressive 
strain in the dynamometer by means of two Type A7 SR-4 electric strain 
gages. These gages, attached to opposite sides of the dynamometer, were 
wired in series, giving a strain reading which was the average of the strain 
in the two gages. This arrangement was such that small eccentricities of 
the load would not affect the strain reading. The dynamometers were 
calibrated on the l2,OOO-lb range of a 30,000-1l:> capacity Rhiele hydraulic 
testing machine.. The calibrations of the dynamometers were nearly the 
same; the strain increment necessary to measure a tensioning stress of 
120,000 ps i in the wire was about 1500 millionths. This large increment 
of strain allowed a fairly precise measurement of stress in the wires, 
since the strain indicator used had a sensitivity of two or three millionths. 
The tensioning force was transferred from the wire to the 
dynamometer through a nut in the case of the threaded anchorages and through 
the internally tapered sleeve in the anchorages employing grips. Generally 
a washer was placed between the dynamometer and the bearing block. 
20 .. Tensioning Procedure 
Before inserting the wires into the reinforcement channel, one 
~ 
~.end of each wire was threaded through one of the bearing plates and secured 
r 
~' 
~~ 
i, 
t 
with a nut. Then all wires were pulled through the hole in the beam at the 
same time. The wires were then threaded" through the other bearing plate and. 
the plates secured to the ends of the beam with a thin layer of "BYdrocaln 
gypsum plaster.. The dynamometers were then sli:pped onto the wires at one 
end of the beam and finally the anchoring nuts were put on each end of each 
'Wire.. After taking readings on all of' the strain gages, the wires were 
tensioned individua.lly. The jacking frame was attached to the bearing 
plate and the pull-rod connected to the wire.. The center-hole ram was 
placed over the pull-rod, and each wire in turn was tensioned to the 
desired value of stress; then the anchor nut was turned up snug against 
the shim, and the pressure on the ram released. Since the beam underwent 
a certain amount of elastic shortening with the tensioning of the wires, 
the first wires to be stressed had to be retensioned if an exact value 
J 
;" of stress was desired.. However, if there were more than two rows of wires, ~' 
.!/, 
~ •.. it was very difficult to make adjustments on the interior wires after 
~', the anchorages on the other wires were in :place 0 In these instances, 
r 
~. the wires were initially overstressed slightly and not subsequently 
r: t retensioned. 
l'. 
\&;', 
The above description applies to beams having threaded 
~' 
In beams utilizing wedge grips a n:dUIIJID;Y'" threaded wire was I: anchorages. 
~; inserted together with the regular reinforcemento This dtmlIlW wire was 
ti). 
fused to secure the bearing plates and was removed after the BYdrocal 
I:., had set. In all other respects the methods used were similar for both 
~~': ~~i:.· types of anchorages. 
,," 
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x. lNSTRUMENTATION, LOADING APPARATUS, TESTING PROCEDURE 
21.. Instrumentation 
The types of measurements of strains and deflections in the tests 
reported herein were selected with the object of studying the action of 
unbonded prestressed beams at all stages up to failure and obtaining data 
for evaluating the parameters in the analytical method of computing the 
ultimate f'lexural strength of such beams. 
(a) Electric strain Gages. strains were read with a Baldwin 
portable Strain Indicator. Dummy gages for temperature compensation were 
mounted on unstressed steel blocks. Strains in the reinforcing wire were 
measured with Type A7 SR-4 electric strain gages, which have a nominal 
gage length of' 1/4 in. and a minimum trim width of 3/16 in. They were 
chosen for their narrow width, short length, and flexibility. The wires 
: used for reinforcing, being cut from a roil, were not initially straight. 
,As these wires were tenSioned, flexural strains were introduced. To 
e:,ff'ect, the gages were applied on the sides rather than on 
','the ,inside or outside fibers of the curved wires. Because of this effect, 
f'irst increment of' stra.in recorded may be in error, but strains 
,recorded after prestress (wire already strai~tened) should reflect 
strains due to axial tens ion in the wires. 
The gages were placed on at least four wires within the middle 
the beams, at locations symmetrical about the midsection and 
the center of gravity of the reinforcement. The surface of the 
was prepared for the gages by rubbing it with emery cloth and 
~ .... " .. ~u...w.p:, the surface thoroughly with acetone. Duco cement was used as 
the bonding agent. The lead wires from the gages were caITied down the 
reinforcement channel to the dynamometer end of the beam where they were 
brought out from behind the bearing block through a small groove formed 
in the concrete. 
Some difficulty was encountered in attaching the SR-4 gages to 
the small diameter wires. The gages would not hold the contour of the 
wire upon first application. The technique employed was first to sof'ten 
the gages with cement; they were then applied to the wire and the excess 
cement squeezed out by app~ing a very slight pressure. Usually, after 
~: gages were curled in this manner, they were lifted of'f and re-applied with 
~ 
t;. t additional cement. To assure that the entire grid pattern was bonded and 
~, excess cement removed, the gages were gently stroked with a rubber eraser. r ~:' 
tAfter several hours of' air drying, heat lamps were used to hasten the 
drying of' the cement. After the cement was dry the gage was wrapped with 
electrical tape then cloth adhesive tape. The lead wires were taped to 
, the reinforcing wire to keep them from being pulled from the gages. The 
g88es were read. to the nearest 10 millionths strain. 
strains in the concrete on top of the beam were measured with 
, '!fypes A9 and AllSR-4 electric strain gages on the third-point and midspan 
loaded beams, respectively. The type A9 gage has a nominal gage length 
of 6 in. and was suitable for finding average strains in the constant 
':moment section of the third-point loaded beams. Four gages were placed 
in a staggered line on the top surface in order to have continuous strain 
.J:, 
~\ measurements over a 24-in. length at midspan (Fig. 14). Two of the gages 
~~'. were about 1/2 in. on one side of' the longitudinal centerline and the other 
.' r 
:~two about 2/2 in. on the other side;> The Type All gage has a nominal 
j~., 
gage length of 1 in. and is more suitable than the A9 gage for measuring 
40. 
strains in a midspan loaded beam where there is no region of constant strain. 
The arrangement of the gages is shown in Fig. 15. Extra gages were used on 
Beam u-16 in an attempt to establish the position of the neutral axis 
along the entire length of' the beam. 
Shortly before the initial set of the concrete occurred, the top 
surface of the beam was stuck smooth with a finishing trowel. When this 
surface was later ground and polished with a portable grinder , it was 
suitable for mounting SR-4 gages. Only the small area necessary for the 
gage was ground. A thin layer of Duco cement was applied and allowed to 
dry before placing the gages. The gages were then attached with Duco cement 
and light weights applied to the felt-covered gages while the cement dried. 
Heat was not used to hasten the drying period since it could be detrimental 
to the concrete. The gages were generally applied two to three days prior 
to prestressing the beam. To protect them, a coating of wax was applied 
after the cement had thoroughly dried. 
(b) Mechanical strain Gages. The distribution of strains in the 
concrete over the depth of' the beam was measured with a lO-in. Wittemore 
strain gage. If' the strains were beyond the range of this gage, a direct 
reading gage -employing a O.OOl-in. Ames dial was used and read to the 
nearest 0.001 in. S'trains measured with the w"hittemore gage were estimated 
. to the nearest millionth. Measurements on all gage lines were read twice 
or until readings agreed within 10 millionths strain. 
The locations of' the gage lines are shown in Fig. 16. They were 
located at 2, 4, and either 8 or 9 in. below the top surface on both sides 
The depth to the lowest line was made to correspond with the 
iginal depth to the steel. The values of strain for corresponding gage 
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lines on the two sides of the beam were averaged to give one point on the 
strain distribution plot. 
steel plugs 3/8-in. in diameter and 1/4-in. long, with gage holes 
a.r:iJ.led to a depth of about 1/8 in .. , were cemented to the sides of the Deams 
to establish the gage lines. A section of railroad. rail was used as a 
standard bar. 
When the tests of unbonded beams were planned it was decided 
that data regarding the deformation of the concrete over the entire length 
of the beam at the level of the steel would be helpful in the interpretation 
of the results. These deformations were measured with a Wissler gage 
attached to the dynamometer end of the beam. A length of magnetic recorder 
wire was wrapped around the spindle of the Wissler gage, run along the 
side of the beam at the level of the steel through holes in the Whittemore 
gage plugs, and attached to the bearing plate at the prestressing end of 
"-
the beam. The Wissler gage may be seen in Fig. llb.. There was a gage on 
each side of the beam. One revolution of the spindle was equivalent to 
~ deformation in the length of the beam Of. one inch. The circumference of 
the gage is divided into 500 parts. Therefore, for a beam 120 in. long, 
division on the circumference represented a strain of about 16 
V.u.J.I.;.&.Ll;;S per inch.. The gage was not necessarily accurate to this 
however, because of possible elastic lengthening of the wire, 
. friction in the spindle, slippage of the wire, etc. 
(c) Measurement of Deflection. Deflections were measured at 
i.~~~~>~a~ with a O.OOl-in. dial indicator, a steel scale graduated to 
.tn'·nt"l,,..~ths of an inch, and a 6-ft carpenter t s rule. The scales were 
extremely large deflections. Deflections were measured 
at. the third-points with dial indicators.. All of the dial indicators 
were mounted on posts which in turn were attached to a deflection frame. 
The frame was fabricated from a 4-in., 7.25-lb. standard channel. It was 
supported on the same abutments that supported the beam. This eliminated 
the necessity of correcting for relative vertical movements of the abutments 
due to hinges in the arms of the testing machine.. This arrangement can be 
seen in Fig. 3. 
22. Loading Apparatus 
All ~eams were tested in a 200,OOO-lb. capacity Olsen screw-
type testing machine. The machine- was used to apply deformation, and 
a 50,OOO-lb. capacity elastic-ring dynamometer was used to measure the 
corresponding load. In order to provide access to the beams during the 
tests they were not positioned in the middle of the machine but rather 
to one side. The set-ups used for the third-point and midspan loaded 
beams are shown in Figs.. 3 and 17, respectively. 
23 • Testing Procedure 
Load was applied in about 10 increments to failure, with two 
or three intermediate midspan deflection readings made between each 
increment. The testing machine was stopped after applying each increment 
of load, strain and deflection readings were recorded, and cracks were 
observed and marked with paint, and the beam was photographed. Usually 
there were about three equal increments of load up to the cracking load. 
!hereafter, increments were based on strain and deflection measurements 
rather than load. A certain amount of drop-off in load and increase 
in deflection occurred while strain and deflection readings were being 
recorded. The maximum load for each increment, which occurred as the 
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testing machine was stopped, was recorded and the deflection readings were 
taken :immediately. The beams were loaded until they ruptured completely 
or failed to develop increased resistance to increased deformation. In 
the latter case the beams were unloaded and measurements made of the 
recovery of deflection. The length of time required to test each beam 
usua.llY varied from 5 to 6 hours 0 
XI. ANALJ?rICAL STUDY OF THE ULTIMATE FLEXURAL CAPACITY OF UNBONDED 
PRESTRESSED BEAMS 
24. Theeretical .Analysis fer Unbended Beams 
44. 
The analysis used in interpreting the data derived from the tests 
.of UDDendedbeams is similar to the analysis developed for bonded and 
unbended beams in the First Progress Report (1). One .of the assumptiens 
upon which the theery for bended beams is based is that the change in 
strain in the concrete at the level .of the steel and the change in strain 
in the reinforcement are everywhere the same; in .other words there is 
complete bonding between the concrete and the reinforcement. This assumption 
affects .only the equations derived from the strain .or def.ormation cenditiens, 
as will be shown later. The relations develeped from conditions .of' 
equilibrium hold equally well for bended and unbended beams. The reader 
is referred to References 1 and 2 for a full derivat.ien of the theery for 
bonded beams. 
At ultimate load, the equilibrium equations for both bended and 
unbended beams are as follews: 
•.. From summatien .of horizontal forces: 
(4) 
From summation of moments: 
combined to yield: 
(6) 
and 
(1 - k2k ) k u u (6a) 
i 
) 
t 
The strain conditions which exist in the concrete in the region 
of" maximum moment at the ultimate capacity of a bonded beam are shown in 
Fig. l8d, from which 
E = E 
cu U 
1 - k ( u) 
k 
u r:~ ~; The corresponding strain in the steel equals the prestress strain plus the 
~ 
" ~'. .. r;' 
~. ~i" ~~ 
strain in the concrete due to prestress plus the strain in the concrete 
i' ~:. 
~. 
~: 
~. ~, 
J': 
:~ ::.: ~! 
l 
t iJ'::: 
l~t: ~;.I. 
at ultimate load., or 
from which 
;.-. 
Ij Since, from Eq. 4, 
then 
fsu = 
= Ese + 
k = 
U € 
- € 
su se 
~~ f~ 
(Refs. 1 and 2)(8) 
1 - k 
E + E ( u) 
ce u k 
E 
u 
+ E 
u 
- E 
€ 
u 
u 
(10) 
ce 
(11) 
(12) 
Equation 12 mB\1 be found in Section 11, Part A, of this report where it 
>: was used in the calculation of ult:ilna.te steel stresses, f ,for the 
su 
~,bonded beams tested in Part A. 
t 
!\ For unbonded beams the conditions of strain in the concrete 
If 
'::rema.in unchanged; thus Eq. 7 is still valid. However, the strains in 
'i' the steel can no longer be expressed as a simple sum of Ese and the 
,;t.~hanges of strain in the concrete, € ce and e su' as in Eq. 8. Whereas 
'~:" 
'fthe concrete strains along the length of the beam vary approximately as 
::ithe moment, the steel strains are uniform over the entire length of the 
'i 
i 
. i;lmbonded reinforcement. 
~ 
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Consider the following stages in the loading history of an unbonded 
beam; 
stage 1: zero prestress and zero load 
stage 2: f'U.11 prestress and zero load 
stage 3: load sufficient to cause the strain in the concrete at 
the level of' the steel in the region of' maximmm moment to equal zero 
Stage 4: ultimate load. carrying capacity of' the beam. Only the 
region or section of' maximum moment is now under consideration. At stage 1 
all strains are zero. At Stage 2, the strains in the concrete are as shown 
in Fib. 1&, and the steel strain equals € . At stage 3 ,the strains in 
se 
the concrete are as shown in Fig. l8c, and the strain in the steel has been 
increased by some part of € which shall be called a€ • The total strain, 
ce ce 
€ ,is not added to the steel because, whereas the concrete has had the 
ce 
strain "removed" from it only in the region or section of maximwm moment, 
the steel is being strained over its entire length. Since the steel is 
anchored to the beam at the ends, the strains integrated over the entire 
length of the beam must be equal, not necessarily the strains at a:ny one 
pOint. The quantity a is-therefore the ratio between the strain introduced 
into the steel between stages 2 and 3 and the strain in the concrete at 
the level of the steel due to prestress. Consequently, the total steel 
strain at stage 3 is' € + ae . 
se ce 
At stage 4 the strains in the concrete are as shown in Fig. l8d. 
Ii; 
;(!'he tensile strain that has been introduced into the concrete at the level 
of' the steel since Stage 3 is € . However, the strain added to the steel 
eu 
.is not equal to € f'or the same reason that the strain added to the steel 
cn 
~)between Stages 2 and 3 was not equal to tce; the strain €cu exists only in 
the region of maximum moment, whereas the strain added to the steel between 
f' Stages 3 and 4 is distributed over the entire length of the beam.. This 
~\: 
f 
additional steel strain is designated ~€ ,where ~ is the relation between 
cu 
the increase in steel strain from Stage 3 to Stage 4 and the maximum 
~< concrete strain at the level of the steel at Stage 4. I., The ultimate steel 
r ~' 
Pi. ~; 
i1( ~,,' 
~.'. :;1,' [: 
~> 
\::1 
strain is then 
e = e + ae + f3€ sa se ce cu (13) 
As was mentioned above, the conditions of strain in the concrete at Stage 4 
are the same for bonded and unbonded beams and Eq. 7 still holds. 
,:' Snbstituting Eq .. 7 into Eq. 13 yields 
1 - k 
e = e: + ae e + ~e: su se c u ( u) k (14) 
u 
, ~. 
~e: 
k u = + f3e: u e: su - e - a:e: se u ce 
or (15) 
~~ f' ~€ c u (16) and fsu = p e: - e: + f3e: -a:e: 
su se u ce t, 
';, 
" 
t!his equation for unbonded beams differs from Eq.. 10 for bonded beams only 
in the presence of the coefficients a: and f3.. Obviously, for bonded beams J 
.~;, ex '= f3 = 1. 
For unbonded beams the value of a: can be determined theoretically. 
Since it applies to a strain impressed on the concrete before cracking, the 
<conditions in the concrete before cracking may be considered. One of these 
~:: 
i: 
~~:'conditions is that the concrete strains will vary along the beam as the .~ 
,.r.moment.. Figure 19 shows the moment diagrams and distributions of concrete 
(: 
'~:;strain at the level of the steel at Stages 2 and 3 for third-point and 
,midspan loadings.. The total change in length of the beam between any two 
I: 
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stages is the algebraic difference of the areas under' the diagrams f~;'~se 
stages. The change from Stage 2 to stage 3 is the area under the diagram 
in Fig. 19<1.. Since the total deformation of the steel must equal the total 
deformation of the concrete at the level of the steel, the steel deformation 
between stages 2 and 3 equaJ.s 1/2 €ceL and 2/3 €ceL for midspan and third-
point loadings, respectively. In addition, since the steel strain is 
uniform over the length of the beam, the steel strains developed between 
€ L 2e L 
ce ce Stages 2 and 3 are -a- and 3L' respectively. Therefore, for mid-
$Pan loaded beams a = 1/2 and for third-point loaded beams a = 2/3. 
A similar analysis for ~ is not practical because after cracking 
it is not known how the concrete strains vary with the moments; cracks 
r·, 
It:. 
I,:' affect the position of the neutral axis which in turn causes an indeterminate { 
(,1 
distribution of strains. Consequently, ~ must be derived empirically. l ~\;:, 
Effect of Variation of ~€ on Ultimate Flexural Capacity 
u 
It bas been shown that the theory for unbonded beams differs from 
the theory for bonded beams only in the introduction of two new parameters, 
a and f3.. The comparison of ultimate moment-carrying capacities for bonded 
and unbonded beams can be made, therefore, by investigating the effects of 
the variables a and ~ on the ultimate moment. 
In Eq. 15 it will be noticed that a is applied to the term € .. 
ce 
r The magnitude of e is very small compared to e ,e ,or e. Whether 
i" ce su se u 
~; ex is taken as 1/2, 2/3, or 1, therefore, will have little effect on the 
?\', 
calculation of k or f .. In subsequent calculations in this report 
u su 
~' .• the appropriate values of a are used, however the e.ffect of 0; on Mult 
ii;:vilJ. not be investigated .. 
~{ . 
i, 
Although the term j3 has been used to modify e ,it will be 
cu 
noticed that in Eq. 15, j3 is found as a coefficient of E. Billet (2) 
u 
inVestigated the effect on Mult of taking various values for EU. Applying 
the coefficient j3 to e
u 
will only magnif,y this effect. Fig. 20 is a plot, 
for Type VI steel, of l\ut/~~ f~ bd2 vs. Q'. The construction of this 
tyPe of plot is explained in Part A, Section 8. The top curve was constructed 
using a value of j3€u = 0.0034; or, for bonded beams j3 = l. The remaining 
curves are for various values of j3E down to 0 .. 0004. For any given value 
u 
of Q' the effect of j3E on the 'ultimate moment is evident in the figure. 
u 
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xn. TEST RESULTS 
26.. Measured and Derived Quantities 
The types of measurements of strain and de~lection were selected 
I with the object of studying the behavior of unbonded prestressed beams at 
all stages up to failure. In addition, the,y were selected in such a manner 
that the parameters appearing in the analysis could be evaluated so that 
the applicability of the a.nalytical method of computing ul ti:mate flexural 
strengths could be determined. 
The maximwm load attained during each increment of load or 
deformation, and the midspan deflection corresponding to this load were 
.. -observed simultaneously. See Section 9 concerning the use of the midspan 
-deflection as a base for interpolation or extrapolation. Also measured, 
for each load increment, with SR-4 electric strain gages, were the strains 
in the reinforcement:; the strains at the top surface of the beam, and the 
in the dynamometers. The overall deformation of the beam was 
;'re~CG~u.eu from the Wissler gages for each increment of load after cracking; 
cracking there was no measurable change. For several "load increments 
previous to failure of the beam, the strains over the depth of the beam. 
measured, together with the distance from the top of the beam to the 
of the highest crack. 
The quantities derived d~rectly from these measurements were the 
moment in the beam., the depth to the reinforcement, the depth to 
in the reinforcement, and the strains in the 
at the. top of the beam and at the level of the steel. Of course, 
physical properties of the beams, . their width, height, level of 
, concrete strength, etc., were alre~ known. 
51. 
With the above information it was possible to compute the steel 
stress at ultimate load, fsu' (for comparison with values derived from 
strain measurements), the value of the parameter ~ ~, and the value of f3€u. 
Empirical relation~ were developed :from the calculations for kJ. ~ and f3€u· 
~e process was then reversed.. starting with the empirical relationships, 
the stress-strain properties of the steel, and the physical properties of 
the beams, the following were derived: the steel stress at u.ltimate, the 
depth to the neutral axis at ultimate, and the ultimate moment-carrying 
capacity.. These values were then compared with the measured values. 
27.. Behavior and Mode of Failure of Test Beams 
The first critical stage in the behavior of a prestressed concrete 
beam is the condition of full prestress. Under f'ull prestress the beams 
deflected upward at midspan from 0 .. 02 to 0.30 in., depending on the number 
of 'Wires and their depth.. Because the center of gravity of the steel was 
never more than 1 in. outside the kern point of the concrete section, there 
.~ little or no tension in the top fibers of the beams due to prestress. 
!he shortening of the beams was too small to be registered by the Wissler 
gages and wherever this quantity was needed in the calculations it was 
computed from elastic theory. 
The next critical stage after prestressing is first cracking. 
condition of first cracking is very important, especially in unbonded 
,~~~cw,e; as soon as a crack reaches the reinforcement hole, the steel, not 
........ '..1..1..1= imbedded in grout, is exposed to the elements.. In general, the 
of the first crack was eas ily determined, because the load 
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would suddenly drop by 100 to 300 lbs and the deflection would increase 
sometimes as much as 0.03 in. However, with higher percentages of steel 
these effects were not as noticeable Nevertheless, an inspection of the 
plot of load. vs. deflection, such as those in Fig. 28, indicated clearly 
the cracking load. tJp to first cracking the load-deflection curve is very 
nearly a straight line, whereas after cracking, the curve departs suddenly 
from the initial straight line. At first cracking the changes in strains 
". and deformations measured by concrete gages, steel gages, Wissler gages, 
, ' dynamometers, and deflection dials were only a very small :percentage of 
the vaJ.ues measured at ultimate. After first cracking all gages indicated 
increased rates of deformation with additional load. 
The number of cracks which developed before ultimate was largely 
fimction of the parameter Q for the third-point loaded beams. Lower 
of Q were associated with one crack while beams with higher values 
Q developed as m.a.n;y as three cracks but no more (Fig.. 21).. Never was 
_'.~R~~ than one crack developed by the midspan loaded beams even for very 
vaJ.ues of Q (Fig.. 22).. In the third-point loaded beams the cracks 
inside the load points, however, in the 
..,.,.1.Qj,/c::a.u loaded beams the one crack was alwa;ys almost directly under the 
!he width of the cracks increased as load was applied, and in the 
where the beams underwent large deflections before failure, the 
'Widths were sometimes as much as 1/4 to 1/2 in. In some cases the 
~lnfl::>rc~en:lent could be seen through the crack .. 
As the' testing machine applied deformation to the beams the steel 
necessarily deflect with the concrete. Because of the large size 
the reinforcement holes the steel remained horizontal for some time 
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after cracking. Of course, when the top layer of steel touched the top 
of the reinforcement hole it was deflected along with the concrete as 
additional deformation was applied. Because this relative vertical 
movement of steel and concrete was possible, a careful computation, based 
on the deflection, was made to determine the true depth to the center 
of gravity of the steel at ultimate. This value of the depth, d
ult , was 
used in all computations. 
The next important stage in the history of a beam is the ultimate 
load.. This mB\Y, or Dla3' not, correspond to fracture of the beam. Just 
prior to the ultimate load the strains in the concrete and the steel 
, increased more rapidly as did the deflection. However, the crack pattern 
and the load changed very little. The position of the neutral axis, which 
'had been moving up throughout the test, became fairly stable. The load at 
:jhich first general crushing of the concrete in compression occurred was 
gradually attained and passed. In some cases the beam would continue 
o carry load while the deflection increased, in some the load would drop 
" and in others the load would increase.. In the last case, the neutral. 
of the concrete that had previously been in 
ion was subjected to compression. The behavior of the beam after 
~ ...... u ..... ~ depended largely on the position of the crack, over which the 
~~BhjWg took place, relative to isolated pieces of aggregate in the 
and was a matter of chance. The shape of the wedge of concrete 
in the zone of crushing and the possibility of it being pushed 
of place were governing factors. 
Several of the beams fractured violently after having reached 
ultimate capacity; these were U-2, U-4, U-5, U-l3, and U-15 (Fig. 23). 
;,' 
I, 
~' 
~ 
~ 
54. 
In every case either the Q values were very high or the beams had high 
percentages of steel together with high concrete strengths. The high 
percentage of steel seemed to be the most important factor. The violent 
failure was accompanied by a loud report and pieces of flying concrete. 
Some of the beams which seemed to "hang on" after having 
reached their ultimate capacity were unloaded to see how much deforma~ion 
could be recovered. In every instance almost all deformation was 
recovered, the cracks closed completely, and steel stresses returned to 
One beam, U~l, was reloaded. and rea.ched 
a max:i.mmn capacity which was approximately 85 per cent of the original 
load (Fig. 25). 
28. Strain Distribution and Position of Neutral Axis 
Billet (2) showed that the distribution of average strain over 
the depth of bonded prestressed beams was linear. There was no reason 
to believe that this would not aJ.so be true for unbonded beams. The 
strain distributions at increasing loads are shown for Be,ems U-5 and U .. 12 
f in Figs. 26 and 27, respectively. These are typical of both third-point 
r;· 
~:: 
E' 
and midspan loaded beams, and adequately justifY the assumption of linear 
strain distribution. It mB\V be noticed ~that the lines representing the 
distribution of strain at loads near ul~pna.te tend to pivot about one 
.t' point whereas this was not generally the case for bonded beams. The 
s.igDificance of such a pivot point in these beams requires additional 
The position of the neutral axis at any particular time is 
'I 
,~established by the intersection of the zero strain line and the line 
~;. . 
"trepresenting the distribution of strain at that time. This intersection 
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is continually moving upward and reaches its highest position at fa~ure. 
The depth to the neutral axis at failure for a:ny particular beam was 
primarily dependent on the value of Q for the beam, the higher the value 
of Q. the greater the depth to the neutral axis at failure. 
The measurements of strain taken on the sides of the beams were 
capable of giving only the position of the neutral axis in the region or 
section of maximum moment, since that is where the strain ~lugs were placed. 
It was decided that it would be interesting to investigate the position 
of the neutral axis at every point along the beam at every stage of loading. 
Consequently, SR-4 electric strain gages were placed at several locations 
along the top and bottom of Beam u-16 (Fig. 15). The intersection of a 
strain distribution line, drawn between points plotted to represent 
measured values of strain, and the line of zero strain at a:ny section 
established the position of the neutral axis at that section. Of course, 
if both the bottom and the top of a beam are in compression, there will 
be no intersection with the line of zero strain. This occurred over 
almost the entire length of Beam u-16. The compressive strain introduced 
into the lower part of the beam by prestressing was not overcome even at 
ultimate except in a region about 10 in. long straddling the crack. 
See figure. 
Compression Region 
Tension 
Region 
Beam·u;;..i6 
Neutral Axis 
Crack 
j. 
Of course, the steel was in tension over its entire length. 
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29. Load-Deflection Characteristics 
Load-deflection curves are plotted in Figs. 28a and 28b for all . 
of the beams tested. The following properties of the- curves are of 
interest. 
Before cracking, the load-deflection relationship is represented 
by a. nearly straight line. In general, the slope of this line is less 
than the slope of the initial line in plots of load vs. deflection for 
bonded beams (2). Also, the slope of the initial line for midspan 
loaded beams is slightly less than the slope of the initial line for 
third-point loaded beams. This, however, is to be expected from the 
elastic formulas for the deflection at midspan of' third-point and 
midspan loaded beams: 
For midspan loaded beams: 
= P L3/48EI 
c 
(17) 
P /0 c c = 48 (EI/L3) (17a) 
For third-point loaded beams: 
23 3/ 6 c = 1296 PcL EI (18) 
from which 
(18a) 
All beams loaded in a particular manner do not have the same 
initial slope because of variations in the concrete modulus of elasticity 
, and the amount of steel from beam to beam. In general, the greater the 
concrete strength and the grea.ter the amount of steel, the steeper is the 
initial slope of the load-deflection curve. The shape of the load-
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deflection curve after first cracking is also dependent on the amount of the 
reinforcement and the concrete strength. .An increase in these variables 
tends to increase the load. of' first cracking and thus affects subsequent 
deflections at any given load. As cracking progresses, the moment of' 
inertia of' the beam decreases, and the deflection accelerates with 
increases in load. 
In some of the beams with small amounts of steel, such as U-3 
and U-l4, there is a sharp break in the load-deflection curve at cracking 
load, f'ollowed by a line of nearly constant slope. This is caused by 
a. rather well developed crack forming suddenly, followed by a much slower 
development of the crack with further increase in load. In beams with 
large amounts of steel, such as u-4, U-5, and U-lO, the cracking of the 
beams developed slowly. The moment of inertia of' the beams and the slope 
of the load-deflection curves after first cracking both decreased gradually. 
Most of the curves in Figs. 28 show that the load was continually 
increasing until destruction of the compression zone. This is in contrast 
to beams which fail in tension and undergo large deformations with no 
increase in load while the steel yields prior to final failure. Because 
the steel was unbonded, the strain in the steel was uniformly distributed 
along the length of the beam. Therefore, the total deformation necessary 
to cause yielding was much greater for the unbonded reinforcement than 
required f'or reinforcement bonded to the concrete. Consequently, 
all of the beam failures would have to be classed compression failures. 
Steel strains and stresses 
The f'irst strain deliberately induced into the steel was the 
s~ra~ associated with prestressing. Because of the unreliability of' 
SR ... 4 gages in this range (See Section 2la) J the force in the 
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reinforcement was measured with the dynamometers and converted to strain 
with the aid of the stress-strain curve in Fig. 10. As load was applied 
to the beam, the steel strains increased. However, since the steel could 
remain horizontal while the concrete section deflected, the additional 
strain in the steel at the stage of first cracking was barely recorded by 
the strain gages. After cracking, the steel strain increased at a much 
faster rate. Nevertheless, the steel reached the inelastic range at 
ultimate in only two beams, U-3 and u-14. In all the other beams the 
steel could be considered to be entirely within the elastic range when 
the concrete crushed. 
In Table 14 are listed values of the ultimate steel stress, 
i ! fsu' ~asured and computed in various manners. 
it vaJ.ues of ultimate stress determined from the SR-4 electric strain gages 
Column 1 contains the 
r;, mounted on the reinforcement. 
f:" These values were arrived at by adding 
1·' 
V 
f" ~;' 
~. ~" 
~: ~r ~~~ 
~i i: 
:~: 
~~:, 
the change in strain between the prestress stage, stage 2, and the ultimate 
stage, stage 4, to the strain at prestress determined from the dynamometers. 
This total strain was then converted to stress with the aid of Fig. 10. 
Column 2 contains values determined from the dynamometers alone. The 
total force in the steel at ultimate as indicated by the dynamometers 
\.' was divided by the total area of the steel, A_, to arrive at these values. 
;': i::) 
Column 3 contains values determined from the Wissler gages. The total 
change in length of the beam at the level of the steel from Stage 2 to 
Stage 4 was divided by the length of the beam to obtain the change in 
average strain over the entire length of the beam between these stages. 
This was added to the prestress strain determined from the dynamometers, 
(as was done to obtain the ultimate strains corresponding to the stresses 
in Column 1) and the total strain converted to stress using Fig. 10. 
I 
! 
<: 
t" 
( 
~ 
f 
~ 
" ~~, 
~: 
w., 
i:' ~~ . 
~. 
f 
~'. :;Ii., 
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column 4 contains values of fsu computed from measured values of Mult and 
k with the aid of Eq. 5. Because the measurements of load, and therefore, 
u 
moment, and the depth to the neutral axis were generally more accurate than 
the measurements of strain, the values of f 1isted in Column 4 are the 
su 
"measured" values used later for comparison with values computed from the 
theory. 
Column 5 contains values of f computed from Eq. 16. 
su 
These 
are the "theoretical" values. The quantity € was determined by an 
ce 
elastic analysis for each beam, the appropriate value of a was taken as 
described in Section 24, Ese was the prestress strain in the steel, and 
~, f ~ l: P = Pult' the ef'f'ective steel percentage at ultimate. The values of 
" kJ. ~f ~ and l3€u used in the computation were empirical values determined 
from relations which were derived as a result of the tests, as explained 
«:- in Sections 32 and 33· The ratios of the computed values of f cased 
su 
on measured quantities to the computed values of f based on the theory 
su 
are listed in Column 6. These ratios contain all the errors, those due 
to experimental scatter and those due to using empirical expressions for 
kJ. ~f~ and l3€u' lumped together in their most exaggerated form 0 
Column 7 contains values of f for bonded beams comparable to 
su 
the unbonded beams tested. These are ficticious beams which were 
considered to have exactly the same properties as the unbonded beams 
that were tested except that they had bonded reinforcement. The depth 
to the reinforcement was taken as equal to the value of d
ult for the 
unbonded beams. The values in Column 7 were computed with the use of 
the top curve of Fig. 20 and Eq 0 4 and 5. The value of Q I for each 
be~ was computed as though it were bonded, using Billet's expression 
for k:L~ (2). The corresponding value of ~t/kl~ f~bd2 "V-las taken 
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fram Fig. 20, curve 1, and solved for MultO Then Eqs. 4 and 5 were solved 
simUltaneously for f su and k . u This method of computing the ultimate 
steel stress uses only the theory presented by Billet for bonded 
prestressed beams and does not require any advance knowledge concerning 
the behavior of the beams. The assumption is made that the expression 
is valid for bonded beams loaded at midspan as well. This may not be 
true and a comparison between Columns 4 or 5 and 7 in Table 14 for 
Beams U-19 through u-16, therefore, ~ not be justif"ied. 
Concrete Strains on the Top Surface of the Beams 
The theory of failure presented in Chapter XI is one of limi tins 
concrete strain. It is based on the assumption that the capacity of the 
beam is reached when the concrete crushes and that the concrete crushes 
at some definite limiting strain. As explained previously, strains on 
the top surface of the concrete section were measured with SR-4 electric 
strain gages. It was not always possible to measure the exact strain at 
the instant the concrete first crushed. In these cases, the crushing 
strain was determined by extrapolation to maximum load utilizing strain-
deflection curves. 
The crushing strains are plotted against the compressive strengths 
of the test cylinders in Fig. 29. There is a rather large scatter and there 
seems to be no consistent variation with the strength of the concrete. 
The average values of strain at which the concrete crushed were 0.00316 
and 0.00484 for third-point and midspan loaded beams, respectively. It 
is believed that one of the reasons for the higher average value of 
limiting strain associated with midspan loading is a statistical one. 
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Whereas, in third-point loaded beams there is a large section subjected 
to maximum moment and the weakest point in this section will govern the 
behavior, in midspan loaded beams only a very sma.1l region is subjected 
to the max~ moment; the failure must be confined to this region and 
the probability that it will al:w~s be the weakest point in the middle 
third of the beam is smaJ.l. Another reason for the higher value of 
limiting strain in a beam loaded at midspan is the concentration of 
rotation of the beam at the load point. The section of concrete above 
the crack acted like a hinge, about which the beam rotated as it 
deflected. Further confinement of this area was due to the load block 
a.cting directly downward on it. As a consequence of' the dO'WIlward 
confinement only one midspan loaded beam, u-14, crushed directly under 
the load block. All of the other beams crushed :immediately adjacent 
to the load block where the concrete was not subjected to the vertical 
confinement of the load. A typical distribution of strain longitudinally 
i' 
~" 
r..: along the top of the beam at ultimate load is shown in Fig. 30. 
32. Empirical ExpressiOns for ~ ~f ~ 
The expression ~ ~f ~ occurs frequently in the analysis of 
prestressed beams. It relates the cylinder strength of the concrete, 
f', to the average stress developed in the beam at failure. It can 
c 
be evaluated from the test data by using Eq. 6a. A transformation of 
Mult ~k..f~ = 
5 bd2 k (1 - k2k ) 
u u 
(19) 
values of ~~f~ listed in Column 4 of Table 15 were computed from 
, 
~'. Eq. 19 using measured values of Mult and ku' aDd k2 = 0.42. (See 
Zwoyer, Ref. 3, Section 24, on the evaluation of k2 .. ) The values in 
Column 4 are the experimentally derived values. They are plotted versus 
f I in Fig. 31. Because of the large amount of scatter the only relations 
c 
which seem justified are the straight-line relations drawn on the plot, 
namely: 
For third-point loaded beams 
For midspan loaded beams 
= 0 .. 85 f' 
c 
(20a) 
(2Gb) 
The values determined from Eqs. 20 are listed in Column 5 of Table 15 .. 
The fact that the strain measurements for the determination of 
~~f~ for the third-point loaded beams were made over almost the entire 
length of the beam in pure flexure, while the actual region of failure 
may have been more localized, mq account for the lower values of kJ.. ~f ~ 
found for the third-point loaded beams. Also, it is reasonable to assume 
that the state of stress in the concrete in the region of failure would 
. a.f'f'ect the value of ~ ~f ~ since kJ.. ~f ~ is a stress. The state of stress 
in the region of failure in the beams subjected to midspan loading was 
definitely influenced by the presence of the load block, whereas the 
region of failure in the beams subjected to third-point loading was 
free of this influence. 
Empirical Expressions for ~€ 
u 
. The only quantity remaining which must be evaluated to complete 
~. the analysis and permit its use for computing ultimate moments is ~€. The 
u 
value of ~€ for each beam can be derived from the test data by using 
u 
a. transformed version of Eq. 14, namely, 
k (e - e ~) u su se - ce 13e = --~~--;:o-----
u 1 - k (2l) 
u 
Equation 2l was used to compute the values of ~€ found in Column 6 of' 
u 
Table 15.. The values used for the terms in Eq.. 21 were as follo~s: k , 
u 
the measured value for each beam (Table 15, Column 2); € ,the strain 
su 
in the steel at ultimate corresponding to the ultimate stress listed 
in Column 4, Table 14, a nmeasured tf vaJ.ue; € ,the prestress strain 
se 
corresponding to the actual level of prestress listed in Table 13; € , 
ce 
the prestress strain in the concrete, determined from an elastic analysis; 
• el, the appropriate value of 2/3 or 1/2, depending on the loading. The 
vaJ.ues of f3€ listed in Column 6, Table 15, are also plotted versus k 
u u 
in Fig. 32.. The empirical expressions which were developed to represent 
the relation between f3€ and k are shown in Fig. 32. These expressions 
u u 
~e: 
For third-point loaded beams 
k < 0.35 
u 
k > 0.35 
u 
:, For midspan loaded beams 
f3€ = 0.003 k u u 
f3€ = 0 .. 00105 
u 
R€ = 0.00040 
.... u 
(22a) 
(22b) 
.. GoJ.umn 7, Table 15, contains values of f3eu derived from Eqs. 22 and 23. 
fb,e values derived from Eq. 22a are not based on measured values of k , 
u 
but were computed from Eq. 16, the stress-strain relation of the steel, 
and Eq. 22a, solving simultaneously for fsu' e ,and l3e. In this 
su u 
~" 
computation, the values used for the "knownn terms w~re: ~~:f ~ :from 
!a'. 
t Eqs. 20; ese' the actual prestress strain; p = Pult' £'rom Table 12; 
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Ece' the prestress strain in the concrete determined from an elastic 
~sis; (1" the appropriate value of 2/3 or 1/2, depending on the loading. 
;.: 
After completing the computation it was necessary to check if the correct 
reJ.ation for f3e , 22a: or 22b, had been used, by computing the value of 
u 
k from Eq. 4. If, in a particular case, it had been assumed that k 
u u 
was greater than 0.35 and, therefore, 13£ = 0.00105 was used in the 
u 
computations, and the assumption was correct, then the computation of 
k from Eq. 4 would yield a value greater than 0.35. If, however, the 
u 
assumption was incorrect then the value yielded by Eq. 4 would be less 
: than 0.35. It would then be known that the correct relation to use 
Kf for f3e
u 
was Eq. 22a. If ku less than 0·35 was assumed, and was incorrect 
< 
> then Eq. 4 would yield a value of k greater than 0.35. It can be shown 
~ u 
.; 
I. that the process will always give compatible results for k and f3e. It 
u u 
is interesting to note that if Eq. 22a is' used for f3eu' Eq. 16 becomes 
(24) 
';< Equation 24 can be solved simultaneously with the stress-strain relation 
for the steel for f and € ,without :further reference to k or f3e . 
su su u u 
desired ku can then be determined from Eq. 4 and f3eu from Eq. 22a. 
The value of t3; and therefore t3Eu' is undoubtedly influenced 
by the type of loading to which a beam is subjected; since t3 is in some 
wq connected to the distributions of moment and strain along the length 
of a beam and these distributions are different for various types of 
loading· The :parameter t3 might also be a function of f f, :p, or Q; however, c 
f 
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. XIII. COMPARISON OF EXPERIMENTAL .AND ANALYTICAL RESULTS FOR MOMENTS 
;4. Comparison of Measured and Computed Moments for Unbonded Beams 
An :im;portant criterion by which the analysis should be judged is 
its usefulness and accuracy in predicting the ultimate moment-carrying 
capacity of unbonded prestressed beams. Table 16 contains measured and 
computed values of f ,k, and ~.'t. Column 1 contains values of f 
su u \..W.. su 
derived from measured values of' ~t and ku' Columns 5 and 3, respectively. 
· The values in Column 1 are the same as those given in Column 4, Table 14. 
Column 2' of Table 16 contains values of f computed according to the 
su 
, theory, using the empirical relations and methods developed and described 
in Chapters XI and xn. The values in Column 2 are the same as those 
listed in Column 5 of' Table 14. The values of' k in Column 3 are the 
u 
. vs.lues derived from test measurements for each beam separately, as 
described in Section 26. The values of k in Column 4 are computed from 
u 
Eq. 4, using the relation for k:t~f'~ expressed in Eq. 20 and the computed 
values of f in Column 2. The values in Column 4 for Beams U-l through 
su 
· '0'-8 are those which were described as "check" values in Section 33 and 
, whose calculation was necessary to insure that the correct form of the 
. relations expressed in Eq .. 22 was chosen for the caJ..culation of' f in 
su 
Column 5, Table 14 (or Column 2, Table 16). 
Column 5, Table 16, contains the measured moments at first 
crtlshing of the concrete, the nmeasured" values of Mul t . Column 6 
contains values of th:e ultimate moment computed f'rom Eq. 5, using the 
· values of f and k in Columns 2 and 4, respectively. The value: of' 
. su u 
~t in Column 6 is theref'ore based only on compute~ values of f
su
. and 
ku' and is the 0 value of Mult predicted by the theory. 
ra.tios of the measured to computed values of' Mult 0 
Column 7 contains 
Essentially, what has been done is this. Beams were tested, 
and loads and strains were measured. From these loads and strains MuJ..t' 
k , and f ,the "measured" values, were determined.. Empirical relations 
u su 
were then developed, based on the measured loads and strains and the 
quantities derived from them. These relations, together with the theory 
and the physical properties of the beams, were subsequently used to 
compute values of f ,k, and l4..,t' the "computed" or "theoretical" 
su u u..L 
values .. 
Another method of comparing measured and computed values of 
the ultimate moment is illustrated in Fig. 33. In Fig. 33 are plotted 
f 2 ~, three curves of Mru.t/kJ..k;f~bd vs. Qt, for values of t'e:
u 
= 0 .. 00340, 
~. . 
~.' O .. OO3~ and 0.00105, and 0.00040. The method of drawing these curves 
t r 
~ 
Wi. 
,'t 
f 
.:.; 
is described in Section 8. Curve 1, for ~€u = 0.00340, corresponds to 
the theory for bonded beams; in other words, ~ = 1 ande: = 0.00340. 
u 
!he significance of curve 1 will be discussed in Section 35. Curve 2, 
with f3e: from Eqs .. 22, represents the theoretical relation between 
u 
Mu2t and QT for unbonded beams loaded at the third-points, as developed 
in this report. It could have been used for computing the values of' 
Mu1.t contained in the first half of' Column 6, Table 16, with identical 
results. The solid circles on the diagram represent values of 
Mu1t/kJ.~f~bd2, calculated from measured vaJ.ues of k:t~f'~ for each 
of the third-point loaded beams, plotted versus Q', aJ.so based entirely 
on measured values of kJ.. ~f ~ and not on the empirical relations derived 
for this parameter.. The points, consequently, represent true measured 
,values while the curve represents the theory. The scattering of thA 
, points about the curve is due to the errors involved in the tests and 
those introduced by using empirical expressions for kJ. ~f ~, ~e:u' etc .. 
;" 
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Curve 3 of Fig. 33, for ~€u = 0.00040, represents the theoretical 
relation between Mult and QT for unbonded beams loaded at midspan. It 
could have been used for c~ting the values of Mult contained in the 
lower half of Column 6, Table 16, with identical results. The open 
2 
circles on the diagram represent values of Mult/~k;f~bd , calculated 
from measured values of ~ k;f' ~ for each of the midspan loaded beams, 
plotted versus Q I, also based entirely on measured values of kJ.. ~f ~ . 
Again, as in the case of the third-:p.oint loaded beams, the scattering 
of the points about the curve results from errors inherent in the tests 
and those introduced by using empirical expressions for the parameters. 
35. Comparison of the Moment-Carrying Capacity of Bonded and Unbonded 
Prestressed Beams 
Column 7 of Table 14 includes values of the computed steel stresses 
at ultimate which wouJ..d have existed in the beams had they been bonded. It 
was ex:plained in Section 30 that these values of til timate steel stress were 
based on the theory and empirical relations presented by Billet, utilizing 
a depth to the center of gravity of the reinforcement equal to the value 
~;: of dult ~or the unbonded beams tested in this investigation. It was 
:i·· realized when these computations were made that had. the beams been bonded 
the depth to the center of gravity of the steel at ultimate would have 
~;; 
~;'. been do and not d
ult O However, it was felt that a comparison of uJ..timate 
steel stresses based on do for the bonded beams and d
ult for the unhonded 
beams was not valid because it placed too much emphasis on the size of 
the reinforcement hole, a quantity not intended to be a variable. Any 
valid comparison should try to eliminate as many variables, other than 
bond, as possible. The unbonded beams could have been fabricated with 
, grea.sed wires to eliminate bond and the reinforcement hole filled with grout. 
However, it was considered to be more expedient, because the equipment 
vas available, to fabricate the beams as they were and take the change in 
effective depth with load into account in the computations. 
In Table 17, Columns 4 and 7 from Table 14 are repeated. Also 
in Table -l7 are measured values of the ul t:ilna.te moment for the 
unbonded beams, Column 3, and computed values of' the ultimate moment for 
, comparable bonded beams, Column 4. The values in Column 4 were computed 
in the following manner~ Q' for each beam was determined as though it 
:,were bonded; in other words J Billet f s relation for ~ ~ was used. Curve l 
~ 2 
,of Fig. 33 was then used to obtain a value of Mul t/~ ~f ~bd. This value 
was solved for Mult using the physical prop'erties of the beam and Billet J s 
As stated previously at the end of Section 30, the 
',assumption is again made that the expression for k:t~ developed by Billet 
for bonded beams loaded at the third-points is valid for bonded beams 
',.L.V .. c;:llM.l;;\.&, at midspan. Since this may not be true, a comparison between Columns 
and 4 in Table 17 for Beams U-9 through u-16 may not be justified 0 
Column 5, Table 17, contains ratios of' the computed moments for 
;DOl[la.E!d. beams, Column 4, to the measured moments for unbonded beams, 
It is apparent that in every instance the comparable bonded beam 
stronger than the unbonded beam tested. This cannot be attributed to 
additional resistance offered by the presence of grout because this 
tor was removed when d
ult was used in the computations of the values 
Moreover, the grout is ineffective in resisting moment after 
cracking has occurred. The reason for the additional capacity of 
comparable bonded beams is that bonding of the reinforcement to the 
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concrete results in more efficient use of the reinforcement in resisting 
moments. Because the strain in the reinforcement in an unbonded beam is 
distributed over the entire length of the beam, whereas the strain in the 
reinforcement in a bonded beam is localized in the region of maximum 
moment, for a given total deformation the strain, and therefore the stress, 
in the bonded reinforcement must be greater. Since moment is a direct 
function of the stress in the reinforcement, and since the stress ~ 
'the reinforcement at ultimate is greater for a bonded beam than for an 
uDbonded beam, it follows that the bonded beam will have a greater 
moment-carrying capacity. 
Figure 33 shows graphically why a bonded beam should be 
expected to be stronger than a comparable unhonded beam. Since t3 for 
1, an unbonded beam must be less than 1, a:rry theoretical curve of : 
Mult/k:t~f~bd2 vs. Q' which might be drawn for unbonded beams must 
f'al.l below curve 1 of Fig. 33. Since two beams that are comparable 
except for the presence or absence of bond, would have the same value 
of Qi, use of the theoretical curves would always give a lower value of 
~' 2 ji:,:l\ut/kJ.~f~bd , and consequently a lower value of M
ult , for the unbonded 
~' 
r beam. strictly speaking, the values of Q' would not be the same for 
the two beams because the value of the parameter ~ ~ might be different. 
However, since the value of ~ ~ used in computing Q f must be used 
again in computing Mult after Mult/~~f~bd2 is taken from the graph, 
the effect of ~~ has a tendency to cancel itself out~ 
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XIV. CONCLUSIONS AND SUMMARY - PART B 
36. Conclusions 
The primary purpose of the study reported in Part B of this report 
was a preliminary investigation of the behavior of unbonded prestressed 
beams. Consequently) no definite conclusions can be drawn concerning a 
design procedure based on the tests and analysis of this report. However, 
same very definite conclusions can be drawn concerning the behavior of the 
beams tested and the range of applicability of the empirical expressions 
herein developed. 
In comparison with a similar bonded beam an unbonded beam will 
usually crack at about the same load but will develop wider but fewer 
cra.cks at ul ti.ma.te • In general, the unbonded beam will have a lower 
value of ultimate steel stress resulting in a lower Ultimate moment-
carrying capacity. An unbonded beam, however, requires more efficient 
anchorages for the reinforcement because all changes in the steel stress 
are transmitted to the anchorages, whereas in a bonded beam the anchorage 
is required only to develop the prestress force. Consequently, if a 
beam which is assumed to have bonded reinforcement, has, in reality, 
r.: 
!," unbonded reinforcement, one of the following may happen: either the 
\;, 
i: 
[ anchorages, which have been designed to withstand only the force associated 
L 
l' 
~ with prestress, will fail at a load considerably less than that for which 
~" 
[. the beam was designed; or, the beam will fail in compression at a load t, 
~, 
it from 10 to 30 percent less than that for which it was designed.. Either 
~\: 
~~. of these possibilities, of course, is undesirable. It is also felt 
~, 
r.{ that the deflection at ultimate of an unhonded beam would be about 35 
, 
percent less than that of a comparable bonded beam although no specific 
'deflection studies are described in this report. It 'appears that the 
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de£l~ction at any given load might be the same for bonded and unbonded beams; 
however, since the bonded beams have a greater load-carrying capacity, their 
de£lection at ultimate would be greater. 
The results presented in this report must necessarily be restricted 
to beams similar in construction to those tested, and loaded in a manner 
stmilar to the loadings used in the tests .. The reason for this restriction 
is made apparent by the fact that different empirical relations had to 
be developed for the parameters ~k-f! and ~€ for each of the two manners 
. ~ ) c u 
of loading used. It is only logical to assume, then, that still other types 
of loading or other beam cross-sections would require still other empirical 
expressions. 
One important conclusion concerning the flexibility of the basic 
~t theory can be drawno Since it has been illustrated that the theory originaJ.ly 
'!',( 
developed for bonded"beams can be modified satisfactorily to handle unbonded 
!' beams , it seems reasonable to conclude that the theory can be modified also 
to handle other cross-sections and manners of loading. 
37 • Summary 
The primary objectives of the investigation described in Part B 
of this report were: 
1. To explore the flexural behavior and mode of failure of 
post-tensioned, end-anchored, unbonded prestressed beams. 
2. To ascertain whether the analys is and methods previously 
developed for bonded prestressed beams, in the First and 
Second Progress Reports of the Investigation of Prestressed 
Concrete for Highway Bridges, could be adapted for use in 
the analysis of unbonded prestressed beams. 
73· 
A total of 15 rectangular, post-tensioned, unbonded beams were 
tested. The loads were applied at the third-points for the first seven 
beams, and at midspan for the remaining eight beams 0 The beams were 
nominalJy 6 by 12 ino in cross-section and 10 ft. in length. They were 
tested on a 9-ft. span. All the beams were reinforced with cold-drawn 
high strength steel wire which was placed in a reinforcement channel 
in the beam. 
The major variables considered in these tests were the concrete 
strength, the percentage of steel, and the manner of loading. Concrete 
strengths ranged from 1500 to 7100 psi. Steel percentages ranged from 
0.18 to 0.80 percent. Two types of loading were used, third-point and 
midspan. 
The description of materials, test specimens, prestressing 
equipment and procedure, instrumentation, and test procedure have been 
. presented in detail. An analysis for the behavior of unbonded prestressed 
beams has been developed and presented. This analysis is based on the 
previous analysis for bonded beams described in the First and Second 
Progress Reports (1) (2) on this project. A study was made of the effect 
of the parameter ~€ on the ultimate moment-carrying capacity of 
u 
The parameter 13£ represents the main 
u 
difference in the analyses for bonded and unbonded beams. 
The test results have been presented in both tabular and graphical 
form, and are compared with the results predicted by the analytical methods 
developed herein. A comparison was also made between the test results 
for the unbonded beams and computed results for comparable bonded beams. 
Conclusions were drawn concerning the range of applicability of the 
analysis herein presented, and the flexibility of the theory upon which 
the analysis is based. 
74. 
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b d h Number of 
Beam Wires and 
Diameter 
in. in. in. in. 
B-28 6.15 7·93 12.03 8-00192 
B-29 6.16 8.07 12.04 14-0.192 
B-30 6.09 8.oB 12.10 3-0.192 
B-31 6.08 8.23 12.17 10-0.192 
B-32 6.00 9·32 12.13 10-0.1905 
B-33 6.03 9.08 12.07 6-0.1905 
TABLE 1 
PROPERTIES OF BEAMS 
As p 
in. 2 'to 
0.2316 0.4749 
0.4053 0.8153 
0.0869 0.1765 
002895 0·5785 
0.2850 0·5097 
0.1710 0.3120 
Type 
Reinf. 
IV 
IV 
V 
V 
Va 
Vb 
Nominal fV Q Clamp-on 
Prestress c Stirrups E p 
s 
ksi psi = f' 
c 
100 2500 57·1 Yes 
100 4280 57·1 n 
100 2890 18.3 It 
100 3450 50·3 ft 
120 7180 2l·3 n 
120 8320 ll.3 No 
~~~~~~~~~. ~.u;<-~.g::;e\\---
TABLE 2 
PROPERTIES OF CONCRETE l1IXES 
Cement: Sand:Gravel Cement/Water Slump Compressive Modulus of Modulus of Age at 
leam by Weight by Weight Strength,f' Rupture,f Elasticity,E Test 
c r 6 c 
in. psi psi 10 psi dS¥s 
Batch 1 2 ' 1 2 1 ,2 1 2 1: 2 2 
~-28 1': 3083: 5 0 58 1:3017:5051 1020 1 .. 24 6 6 3110 2500 428 302 28 
1-29 1:3.84:5 .. 62 1:3079:5·52 1017 1021 1 1/4 3/4 3310 4280 506 4.1 27 
1-30 1:3.84:5.49 1:3084:5049 1019 1'121 2 1 3ltB5 2890 392 3·4 26 
1-31 1:3·72:5055 1:3·72:5.54 1019 1.23 2 2 1/2 3150 3450 421 3.6 25 
1-32 1:1.55:2.81 "1 : 1. 55 : 2 080 2·38 2050 3 2 1/2 6940 7180 544 5.6 32 
1-33 1:1·50:2.79 1:1.50:2.18 2014 2·31 2 3 6940 8320 542 6.2 71 
TABLE 3 
PROPERTIES OF GROUT MIXES 
cement: Sand. cement/Water Aluminum, percent *Compressive 
Beam by Weight by Weight of-weight of-cement Strength, 
c:s psi 
B-28 l:l l.87 00015 3040 
1:1 1 .. 80 0.015 ~590 
1:1 2.00 0.015 3155 
1:1 1.80 0.015 2760 
1:1 1.80 0 .. 015 3300 
1:1 1.80 0.015 2830 
* Average of' four 2 by 4-in. cylinders .. 
I 
TABLE 4 
STEAmS m WIRES STRETCEED FOR BEAMS B-32 AND B-33 
Batch 1 Batch 2 
(B-32) (B-33 ) 
strain under maximum stretching load 3 .. 50'f0 3.31~ 
Strain after release of load 2.44~ 2.1% 
Strain when placed in beams 2027"/0 2.12"/0 
Days :from time of stretching to time 14 36 
of use in beams 
The wires were placed in a moisture saturated atmosphere to accelerate 
rusting and improve bonding characteristics during time from stretching to 
'Use in beams. ' 
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TABLE 5 
PROPERTmS OF REJNFORCmG STEEL 
Type Avo f' 0.2'/0 Stress at Ultimate E Surface 
Reinf. Diao s Offset 0.7'/0 Strain,e 8 s Condition 
·stress Elongation s 6 in. ksi ksi ksi percent' 10 psi 
IV 0.192 186 142 145 6.31* 29·7 Rusted 
V 0.192 2iJ8 200 179 3050* 28·9 Rusted 
Va 0.1905 256 246 189 10.60 29.6 Rusted 
Vb 001905 256.5 237 175 1.85 26.6 Rusted 
* Average of two specimens 
TABLE 6 
PROPERTlES OF NET CROSS-SECTIONS 
~ 
r f------------------------------I' t' ' l: 
I', , :Beam 
f 
se 
ksi 
Ac 
in .. 2 
e Yb I 'Wn c 
in .. in. in. 1bs/ft 
i_------------~-----------------
B ... 28 
B~29 
B-30 
B-31 
B-32~ 
B~33 ' 
92·5 
92·7 
10l~1' 
94.1 
115·3 
116 .. 9 
65025 
65.41 
64·95 
65.25 
63.95 
64.05 
2.19 
? .. 35 
2 .. 31 
2041 
3.6.9 
3.48 
6:~29 848 100 
6.32 853 lOa 
6.33 850 100 
6.35 869 100 
6·50 790 100 
6.47 784 85 ' 
f: 
~; 
~. f 
'~ 
~:, 
f~ 
~ 
~. 
r 
r 
~ 
:t 
T~7 
MuJ.t 
SAMPLE COMPUTATION OF vs Qt ~~f~bd2 
FOR A. S.. .AND W.. MB SPRmG WIRE 
6 ' E = 29.7 x 10 psi a 
Choose f = 96,000 psi 
se 6 
€ = 96,000/29.7 x 10 = 0.00323 ae 
e = 0000340 u . 
e: = e Q txlO-3 
ce ae 
Eu e f e Estimate k Q' se au su I u 
ksi E ce 
O~OO340 0.00323 186 0.00500 0.00003 0.0678 10.8 
'.00340 .00323 182 .00300 ,,00006 .ll30 18.5 
.00340 .00323 175 .. 002l3 .00009 .1590 27·0 
,.C>0340 .00323 168 .00160 .00012 .2119 37 .. 5 
.. 00340 .00323 164 .00137 .00015 .2478 44.9 
.00:;40 .00323 160 .OO1l5 .00018 .2960 54.9 
.00340 .00323 157 .00102 .00020 .3344 63.3 
.00340 .00323 155 000096 .00022 .3561 68.2 
.00340 .00323 152 .00087 .00025 .3945 77·1 
.00340 .00323 150 .00082 .00027 04199 83.1 
.00340 .00323 148 ,,00077 000029 .4487 90 .. 0 
,Equations invo1 ved -
e 
k = u 
U € - € + € - € 
SU, se u ce 
Ep 
Qf ,a 
= ~~f~ = 
kE 
u s 
f' 
su 
CURVE 
k2 = 0.42 
Check k2 k (1-k2k ) U u 
e 
ce 
0.00003 0 .. 42 0.0659 
.00006 .42 .1076 
.00009 .. 42 .1484 
.00012 .42 .1930 
.00015 .42 .2220 
.00018 .42 .2592 
.00020 .42 .2875 
.00022 .42 .3028 
000025 .42 ·3291 
000027 .,42 .3458 
.00029 .42 .3641 
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TABLE 8 
IMPORTANT QUANTrI'ms DERIVED FROM TES'l~S 
Beam 
B-28 
B-29 
B-30 
B-31 
B-32 
B-33 
(1) 
1.06 
0·91 
0092 
0·96 
0·70 
0·57 
lJ.~ 
(2) 
1.06 
0.89 
1.01 
0·95 
0·76 
0.73 
Q' 
Ep 
s 
= k:t~f~ 
(3 ) 
53.1 
63.7 
17·4 
50.8 
27·7 
13·7 
€ 
U 
(4) 
0.0032 
0.0042 
0.0037 
0.0032 
0.0030 
M Column ult k = 0.42 (1) From ~~ = (d-k2kud) (f~bkud) J 2 
I 
ft 
. 3,000+1 I • 
(f) ~rom ~~. =1500 + f' J Billet s Equat~on 
,. .' G 
(3) Using Billet's Equation for k:t ~ 
(4) To be compared with assumed limiting value of 0.0034 
(5) From f = M -t/A (d-k2k d) su -iii s u 
f 
su 
ksi 
(5 ) 
170 
159 
238 
195 
243 
266 (1) 
(6) 
162 
158 
241 
205 
255 
>f" 
s 
(6) From theory for flexural failures and actual stress-strain diagram of steel 
ESl.2 .. <-",,,,,..k( ... 2 j.>:#~l ",42$v;¥¥ .. ';;Z",Q2QfAX"L. k;;·!i§dW~WA4if>hP'£#:.i'!!'t'~~~?"~~~·,-"",'C",< , .... ,.-,-,-,.- ... " 
TABLE 9 
COMPARISON OF COMPUTED .AND MEASURED ULTlMATE AND CRACKmG. MOMENTS 
Beam Mult 
Mc 
compo mess. com.p~ mess. mess. meas. 
ft-kips f't-kips compo ft-kips ft-kips comp. 
B-28 21·79 22.64 1.039 13.02 13·-31 1.022 
B-29 36097 37.34 1.010 19·52 20.85 1.068 
B-30 12·52 13·01 1.039 7 ·58 7·91 1.045 
B-31 33.82 33.14 0·980 15·05 15·01 0·997 
B-32 50.28 48.17 0.958 20·77 22·57 1.087 
B-33 31048 31·98 1.016 14.41 16.43 1.140 
,"-- -~ .---~;-:-'-:-~ . ···,--~,!'~~_.,.,~·-:¥.·~-.,..~~~·~~~:-·.:~~;:~~-';~:~~b~~~~~ 
TABLE 10 
COMPARISON OF COMPUTED AND MEABUEED ULTlMATE AND CRACKING DEFLECTIONS 
Beam 6ult 6 c 
cOnIp. meaSe meas. ccmp. meas. meas. 
in. in. compo in .. in. compo 
B-28 1.00 1.62 : 1.62 0.072 0.076 1006 
B-29 1.25 1 .. 05 0.84 0.083 0.100 1020 
B-30 1.83 1039 0.76 0.039 0.043 1.10 
B-31 1.18 1.19 1.01 0.072 0.071 0·99 
B-32 1.23 1.19 0·97 00070 0.101 1.44 
B-33 1.42 1·59 1.12 0.044 0,,074 1.67 
2 , _".-'<"1221$ .... b£".,,4kgE .. ,$WiX3J#42h.A44M?L,. ,i-A¥ jJ&'.j£<L""iA:::;qW;;¥""·'-~~=~~·""G'-""':i"",~"~·'·'cr.~,:o-".>~:~~··~'-~Ti'···'-,,,,,":C<'",,,, 
TABLE 11 
PROPERTIES OF CONCRETE MDrn3 
Cement:Sand:Grave1 Cement/Water Slump Compressive Modulus of Modulus of Age at 
eam by weight by weight Strength,f
' 
RUpture,f E1asticity,E Test c r 6 c 
in. psi psi 10 psi days 
Batch 1 . 2 1 2 1 2 1 2 1 2 2 
U-1 1:3·84:5·58 1:3.82:5·56 1.12 1.19 3 2 1/2 4190 4240 625 4.1 83 
U-2 1:5·26:6.86 1:5.22:6.82 0.88 0.88 1 1/2 2 3050 1960 433 2.8 109 
U-3 1:2.87:4.23 1:2.85:4.21 1·54 1.54 0 3 5550 5620 679 408 liO 
u-4 1:3.78:5·55 1:3·78:5·53 1.20 1.22 3 6 4320 4060 492 4.0 82 
U-5 1:2·95:4.25 1:2·92:4.23 1·52 1.69 2 2 4755 4600 633 4.2 78 
u-6 1:5·85:7.46 1:5 .. 84:7·45 0.80 0·79 6 8 1710 1045 185 36 
U-7 1:2.08:3·48 1:2.09:3.47 1.89 2.00 4 5 4710 5020 421 4·5 65 
u-8 1:4.35:5·99 194.32:5·95 1.25 1.23 1 1 2975 2565 346 3·1 67 
U-9 1:3·74:5·58 1:3·75:5·60 1.20 1.25 2 4 3875 3550 573 3·7 77 
U-10 1:3.81:5058 1:3.81:5·60 1·35 1·35 2 2 4025 3390 533 3·6 76 
U-ll 1:2.42:3.85 1:2.43:3.88 1·75 1.82 4 6 4950 5490 685 4·7 76 
U-12 1:3.12:4·73 1:3.11:4·71 1.45· 1.47 7 7 4030 4020 650 3·9 76 
U-13 1:5.25:6.85 1:5.26:6.82 0.82 0·93 2 2 1645 1525 166 2.6 47 
u-14 1:1.79:3.08 1:1·79:3·09 2.08 2.17 2 4 7460 7600 537 5·8 47 
U-15 1:5·22:6.86 1:5·20:6.83 0.86 0.89 1 2 1550 1640 337 2.6 46 
u-16 1:4.78:6·56 1:4.76:6.52 0·98 0·97 2 2 2555 2190 363 2·9 49 
~.B.*.¥; _ ... 24:~~~~*4?t~~~.~~f.if~.¥~~~~~;~:.~·~~~"=~.:~·~v;:"~*:':"~:~.:-,,",:c:--:r::7 -:.-: ':'~~"- '-"-:':-.:'~.~~~;-
TABLE 12 
PROPER'llE3 OF BEAMS 
b duJ.t h' Number of wires A Pu1.t Loading fl, '\tit s c and diameter Be~ 
in. in. in. in. in~~ 10 psi = EsPult/fci 
U-1" 5.99 8~42 12.07 6-0.1925 0.,174q 0.:;462 1/3, 4240 24.5 
U"2 6000 7&60 12.08 1l-001915 ' 0.3168 0.6947' 1/3 1960 106.2 
U-3 60 00 7'.85 12.08 3-Q.1915 000864- 0 • .;1834 1/3 5620 9.8 
u-4 6.16 8033 12006 ' 14 .. 0.1910 004011 0.7817 1/3 4060 57.8 
U-5 6.09 8024 12.07 12 .... 001910 0.3438 0.6851 1/3 4060 ·.44.7 
U-7* 6.00 7.50 12.15 6--001910 0.1719 00;820 1/3 5.020 2208 
u ... 8 6.00 7065 12010 10 ... 0.1910 0.2865 006242 1/3 2565 7300 
U ... 9 6.00 7·35 12016 10~001910 0.2865 006497 mid 3S50 55.0 
U ... 10 6.02 7055 12.10 13-001910 0.3725 0.8196 mid 3390 7205' 
U-ll 5 .. 90 8020 12010 6~O.1910 001719 0.3553 mid 5490 1904 
U-12 6000 8034 12.10 7-0.,1910 0.2006 0.4009 mid 4020 2909 
.U ... 13 6003 7.!t-~ 12003 11 .. 001910 00 3152 0.7035 mid 1525 .. 13800 
u-14 5.95 7.84 12015 3 .. 0.1910 0.Q860 0.1843 mid 7600 703 
U-15 6.05 7.44 12.05 9 ... 001910 0.2579 005730 mid 1640 104.8 
u ... 16 5.96 7.56 12.15 8 ... 0.1910 0.2292 005087 mid 2190 69.5 
*Beam u-6 was . designed as a very,;:Law strength beam but was 
-discarded as completely impractical. 
I ~. 
i TABLE 13 ~: ~, 
PROPERTIES OF NET CROSS-SECTIONS 
r· 
f A e Yb I wn se c c {;Beams 
4 ksi in. 2 in. in. in. 1bs/ft 
:~:, 
~ : 127·5 63.55 3·41 6.~ 770 67 I:=~ 117·0 63.73 2.23 6.31 838 67 ~·.1'1~3 120 .. 8 64·98 3·29 6.37 803 67 
';tJ ... 4 118·9 65·35 3·42 6 .. 48 789 67 
r=i 
120·7 63.39 3.16 6.23 809 67 
12l·9 64.78 2.20 6.35 849 67 
..; ...a 118·9 64.79 2.23 6.33 835 67 \·U· 
f; 
i 120.0 64.23 2.27 6.33 822 67 ,,11 ... 9 
.;'U-IO 118.8 65·26 2.20 6~30 846 67 
::V-ll 122.8 63.27 3·34 6.-44 788 67 
V€J ... 12 125·8 64·58 . 3·35 6.45 787 67 
i'lJ-13 114.2 64·57 2.23 6.26 835 67 1·~1J:"14 122.1 64.16' 3·30 6.45 806 67 
~·lJ .. 15 117.6 64.46 2.23 6.28 841 67 
~/V-16 121.1 65 .. 28 2.18 6.33 846 67 
Beam 
U-1 
1'-2 
U .... 3 
U-4 
i. U-5 
L TJ-7 
:'U-8 
, 
f:·.V-9 
~,:,:U-I0 
",., 
~:'U .. ll ~:;.::' . . 
,t, '0'-12 
1}~':U-1:; 
1''(1-14 
~ .. ~::'U-15 
f,U-16 
(1) 
18:; 
J28 
204 
157 
172 
J.46 
133 
169 
143 
178 
175 
133 
185 
137 
141 
TABLE 14 
COMPARISON OF MEASURED AND COMPUTED 
(2) 
164 
128 
203 
153 
163 
156 
131 
161 
138 
175 
171 
125 
178 
137 
138 
ULTmATE STEEL STRESSES 
f ' - ksi 
su 
(3) 
175 
129 
198 
168 
175 
169 
132 
153 
143 
191 
177 
132 
197 
138 
141 
(4) 
186 
148 
207 
171 
186 
172 
138 
166 
153 
194 
182 
140 
207 
154 
150 
(5) 
190 
142 
192 
173 
181.5 
188 
159 
166 
155 
205 
192" 
134-
218 ' 
143 
158 
(4)/(5) Bonded (6) (7) 
0.98 222 
1.04 190 
1.08 233 
0.99 208 
1.03 213 
0.92 222 
0.87 204 
1.00 
0·99 
0·92 
0·95 
1.04 
0·95 
1.08 
0·95 
2ll 
200 
224 
218 
175 
238 
194 
209 
lr 
~r ~/----------------------------
~,'COltuml 
m: 
~' (1) From SR-4 electric strain gages on the steel , 
" (2) From force measured by dynamometers at end.. of beam 
b; (3) From Wiss1er gages 
;,: (4) From Mult/As dult (1-k2ku ); Mul.t and ku measured, ~ = 0.42 
\, (5) From theory, equation 16 
f (6) Stress in comparable bonded beam 
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COMPARISON OF COMPUTED AND EMPmICAL VALUES OF ~~f~ AND ~eu 
Mult k u f' c k lLf' 1 5 c ~Gu 
Beam meas . meas. comp. empirical comp" empirical 
ft-kips psi psi psi 10-5 10-5 
(1) (2) (3) ( 4 ) ~ 5 ) (2)______ (1 ) 
'U-1 20.8 0.202 4240 3180 3605 54 55 
U-2 22.1 .605 1960 1695 1665 L35 105 
U-3 11.4 .051 5620 7465 4775 24 22 
u-4 39.6 .396 4060 3370 3450 103 105 
U-5 38.3 ·303 4600 4200 3910 122 95 
U-7 17.0 .187 5020 3510 4265 39 51 
u-8 21.4 .359 2565 2400 2180 28 105 
U~9 26.2 .238 3550 4525 5150 67 40 
U-10 31.8 .265 3390 4730 4915 38 40 
U-11 22.0 .085 5490 8100 7960 26 40 
U-12 24.2 . loB 4020 6745 5830 24 40 
U-13 23·2 ·370 1525 2670 2210 45 40 
u-14 11.4 .038 7600 10040 11020 17 40 
U-15 21.1 .336 1640 2625 2380 58 40 
u-16 19·1 .281 2190 2710 3175 35 40 
Column 
From ~t/bd2 ku (1-k2ku ) = ~~f'~ (4) 
(5) From k..lLf' = 0.85 f' for third-point loaded beams and k.k..f' = 1.45 fl for midspan 
.L :; c C . --.l :; c c 
loaded beams 
(6) From ~€ = k (e - € - ~ )/(l-k) 
u u su se ce u 
(7) From l3e = 0.003k for k < 0·35 and f3€ = 105 x 10-5 for k >0.35 for third-point 
u -U u u u 
loaded beams, ~€ = 40 x 10-5 for midspan loaded beams 
- u 
TABLE 16 
COMPARISON OF MEASURED AND COMPUTED VALUES 
OF THE ULTIMATE MOMENT-CARRYING CAPACITY 
f k MuJ.t Beam au u 
meas. compo meas. camp. meas. compo meas. 
ksi ksi ft-kips ft-kips camp. 
(1) (2) (3) ( 4) (5) (6) (7) 
. tJ-1 186 190 0.202 0.182 20.8 21·5 0·97 
tJ .. 2 148 142 .605 ·592 22.1 21.4 1.03 
U-3 207 192 .051 .014 ll.4 10·5 1.09 
tJ ... 4 171 113 .396 ·396 39·6 40.2 0·98 
U-5 186 181·5 ·303 ·318 38.3 37·2 1.03 
U ... 7 172 188 .187 .169 17·0 l8.8 0·90 
U-8 138 159 ·359 .455 21.4 23.~ 0·91 
U-9 166 166 .238 .209 26 .. 2 26.6 0·98 
'6-10 153 155 .265 .258 31 .. 8 32.4 0·98 
tJ-ll 194 205 .085 ~091 22.0 23 .. 2 0·95 
U...;12 182 192 .108 .132 24.2 25·3 0·96 
U-13 140 134 ·370 .426 23·2 21·5 1.08 
11-14 207 218 .038 .036 1l.4 12.1 o 94 
U;..15 154 143 .336 ·344 21 .. 1 19·6 1.08 
u-16 150 158 .281 .253 19·1 20.4 0·94 
Colum:o. 
(1) Same as Column 4, Table 14 
(2) Same as Column 5, Table 14 
(3 ) Same as Column 2, Table 15 
(4) From k = f P /~ ~f'; f from Column 2, ~ ~f t from 
u su c su c 
Column 5, Table 15 
(5 ) Same as Column 1, Table 15 
(6 ) From Mult = f A d(1-k2k ); f from Column 2, k from Column 4 su s u su . u 
TABLE 17 
COMPARISON OF THE ULTIMATE ~-C.ARRYlNG CAPACITY 
OF BONDED .AND UNBONDED BEAMS 
f Mult su 
Unbonded Bonded Unbonded Bonded 
Beam meas. compo meas. comp .. 
ksi ksi ft-kips ft .. kips (1) (2) (3 ) (4) 
U-1 186 222 20.8 24·9 
U-2 148 190 22.1 28·7 
U-3 207 23:; 11.4 12·7 
u-4 171 208 39·6 47·1 
U-5 186 213 38·3 42.6 
U-7 172 222 17·0 21·9 
U-8 138 204 21.4 29·9 
U-9 166 211 26.2 30·7 
U-I0 153 200 31.8 36·9 
U-ll 194 224 22.0 24 .. 4 
U-12 182 218 24.2 27 .. 4 
U-13 140 175 23·2 24.8 
u-14 207 238 11.4 12·9 
U-15 154 194 21 .. 1 23·7 
u-16 150 209 19·1 24.6 
Column 
(1) From Column 4 J Table 14 
(2) From COIUlDll 7, Table 14 
(3) Computed f'rom measured values of Pult 
(4) Computed by use. of curve 1, Fig. 33 
B/u 
(5) 
1.20 
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